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ABSTRACT
The non-linear analysis of s t if fened  p la te  structure is  of 
growing importance in s tructu ra l engineering, where design 
methods are frequently based on a knowledge of u ltimate strength  
behaviour.
This thesis describes a f i n i t e  element method fo r  analysing  
nonlinear response of three dimensional s t if fen ed  plate
assemblages. Both m ateria l and geometric n o n - l in e a r it ie s  are
considered in  the formulation. P la s t ic i ty  in the p late  is  assumed 
to  be governed by a f u l l  section y ie ld  c r i te r io n ,  while a m ulti­
layer approach is  adopted fo r  the s t i f fe n e r s .  Procedures which 
trace the h istory of thermal Loading curing plated fa b r ic a t io n  
are incorporated to account fo r  the e f fe c t  of welding stresses  
and geometric imperfections. E las tic  beam element with m u lti­
point contraint nodes is formulated to represent portions of the 
structure which are assumed to  behave in  a l in e a r  e la s t ic  manner. 
The modified Newton-Raphson nonlinear technique is improved by 
adopting a robust automatic incremental procedure. Further 
in troduction of Riks' f ix in g  length approach improves the o vera ll  
e f f ic ie n c y ,  especially  in the post-buckling range of the
analys is .
Published numerical examples and experimental results are
used to v e r i fy  the accuracy and to  i l l u s t r a t e  the cap ab ility  of 
the computer prof gram.
The proposed method is  applied to  an unstiffened box column 
to  study the e f fe c t  of geometric imperfections with the presence 
of residual welding stresses.
A study is made on the strength of box g ird ers , focusing on 
web panels and th e i r  in te ra c tio n  with other components under 
combined moment and shear force loading. Results are used to  
compare and ju s t i f y  the safe loads calculated using the recently  
published B r i t is h  Standard of Designing Steel Bridges (BS5400). 
F in a l ly  results  from analysing a complete s t if fened  box g irder  
are presented and compared to  experimental data.
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CHAPTER 1 . INTRODUCTION.
1 .1 .  General in troduction.
In recent years, s t if fen ed  p la te  structures have a ttrac ted  
much a tten tion  from both engineers and researchers (Refs. 3 5 ,6 9 ,  
7 6 ,9 4 ) .  The c ap ab il i ty  of providing high strength with low 
weight, and cost is  widely appreciated (Refs .6 ,1 6 ) .  This has been 
re f lec te d  in  the increasing adoptions of such s tructures . For 
example, in the construction of long span bridges, the use of 
steel box girders provide the desired f l e x i b i l i t y  and strength to  
endure the severe bending and shear loading. In marine/ship  
construction they are used to  provide watertightness and to  
withstand the d is tr ib u ted  la te ra l  f lu id  pressure. In  offshore  
platform design, s t if fen ed  p latings are much used with adjoining  
members to sustain in-plane and la te ra l  forces.
The s truc tu ra l response of s t if fen ed  p la te  constructions is 
very complicated. Failure in such a structure often involves both 
i n s t a b i l i t y  and m ateria l y ie ld ing  in  some of i ts  components. The 
o ve ra ll  behaviour is  fu rthe r  complicated by in te rac tions  and 
re d is tr ib u t io n  of stresses between the d i f fe re n t  elements as the 
ultim ate load condition is  approached. Indeed, the fa i lu r e s  of 
some box g irder bridges in recent years may be traced to  a lack 
of understanding of th is  complex behaviour. In any attempt to  
obtain a r e a l is t ic  stress and deformation pattern  of the 
structure up to  collapse, account must not only be taken of the
large d e f lec t io n  behaviour but also of the p las t ic  y ie ld in g .  
Furthermore, i n i t i a l  geometric imperfections and residual welding 
stresses must also be included.
In conjunction with the preparation of a new l im i t  state  
Design Standard (BS5400) for steel bridges, extensive  
experimental work has been carried out on the s t a b i l i t y  and 
collapse behaviour of plated structures and th e i r  components.
However, the major developement in the theore tica l methods of
analysis has been generally confined to  ind iv idual components.
S im plif ied  assumptions regarding boundary and loading conditions  
therefore  have to be made in  order to corre late  results  from the 
analyses of iso lated  components to  represent the real behaviour 
of complete plated structures.
Some ear ly  research on the collapse strength of square box 
beams and columns with uniform thickness were carried out by 
Graves-Smith (R e fs .5 0 ,5 1 ) .  In his work, e ffe c ts  of i n i t i a l
imperfections on the collapse strength were studied. At Imperial
College, London, Frieze (Refs.45,46) extended a non-linear f i n i t e  
d iffe rence  p la te  procedure to investigate  the buckling behaviour 
of box columns and box beams under various combinations of 
loading. At the University of Surrey work has been carried  out
since 1970 on the collapse of th in -w alled  structures using the
f i n i t e  element method. Supple and Bunni (R efs .11,104) s tarted  an 
in vestiga tion  in to  e la s t ic  buckling fa i lu r e  of box g irders in  
c a n t i le v e r .  Later Puthli (R e f .90) extended C r is f ie ld 's  e la s to -  
p la s t ic  p la te  theory in to  a three dimensional p late  assemblage
form ulation , which has since then been used to  study the ultim ate  
strength of unstiffened box g irders at the support region. But in  
his work, the e f fe c ts  of welding residual stresses were not 
included, and furthermore the post-collapse behaviour (a f te r  
reaching maximum load) and residual strength were not determined 
since the ana ly tica l/num erica l technique was not capable of 
fo llow ing the load-deflection  equilibrium  path-on i t s  unstable 
regions. Results on the behaviour of unstiffened and s t i f fe n e d  
diaphragms using s im p lif ied  boundary conditions were also  
reported by C r is f ie ld  (R©fs. 2 7 ,2 9 ,9 1 ) .
The work described in  th is  thesis  is  a continuation and 
expansion of the work of Puthli and formed part of the research 
programme supported by the Transport and Road Research Laboratory  
in to  the study of plated s tructures .
1 .2 .  Nonlinear behaviour of s t i f fe n e d  p la te  s tru c tu re .
The nonlinear behaviour of a s t if fen ed  p la te  structure  may 
generally  be re ferred  to  under the two headings :
1. Geometric n o n - l in e a r i ty ,
2 .  M ateria l n o n - l in e a r i ty .
Geometric n o n -l in e a r ity  arises because of the th in -w a lled  
nature of the structure which in e v i ta b ly ,  at some stage of the 
loading process, leads to  loss of s t a b i l i t y  of the o r ig in a l
configuration . The in s t a b i l i t y  can be lo c a l ,  o ve ra ll  or a 
combination of both. Local buckling in  web panels of a box g irder  
causes gradual reduction in  overa ll  s t if fn ess  of the section.  
Whereas, fo r a long panel subject to compression, local buckling 
and o vera ll  Euler type buckling could cause rapid d iss ipa t ion  of 
strength and produce a sudden collapse. Theoretical studies of 
these structures can only be made by means of a large d e f lec t io n  
theory -  a theory which could predict deflections and stresses  
with reasonable accuracy for moderately large deflec tions  (of the 
order of the p late  th ickness). The most commonly adopted large  
de flec t io n  theory is  that due to Von Karman (R e f .1 0 9 ) ,  which is  
based on Kirchhoff*s p late  bending hypothesis. There is  a more 
complicated Mindlin theory (R e f .8 6 ) which allows also fo r  
transverse shear deformations. The most rigorous method, of 
course, would be to simmulate p la te  behaviour by a three  
dimensional so lid  form ulation. However, the small increase in  
engineering accuracy which would be achieved does not warrant the 
use of such a formulation at present.
M ateria l n o n - l in e a r it ie s  occur when stresses in some part of 
the structure exceed the y ie ld  l im i t .  Consequently the o v e ra ll  
strength of the structure is  weakened as a resu lt  of these 
stresses being re s tr ic te d  to the y ie ld  surface. For many 
p rac t ica l  structures the p la s t ic  e f fe c ts  are very prevalent  
before f a i l u r e ,  hence they must be included in  the ana lys is . Even 
fo r  very slender structures , in which the use of high strength  
m ateria l may lead to e la s t ic  f a i lu r e  before the onset of 
y ie ld in g ,  e la s to -p la s t ic  properties should be included to  trace
the post-buckling behaviour. Further spreading of p la s t ic  zones 
causes ir re v e rs ib le  p las t ic  deformations which accelerate  
collapse. To include the p las t ic  properties , a su itab le  p las t ic  
y ie ld  c r i te r io n  and an associated flow rule have to be adopted in  
the analys is . The Von Mises y ie ld  c r i te r io n  is often adopted in  
analysing simple plates (R efs .43,74) using a layered 
representation. On the other hand, the Ilyush in  (R e f .18) or 
recently  proposed Ivanov (R e f .23) y ie ld  c r i t e r ia  with a s ing le­
layer approach, which require less computation, are su itab le  fo r  
analysing more complicated structures .
To account fo r  both geometric and m ateria l n o n - l in e a r i t ie s ,  
an a n a ly t ic a l  closed form solution does not appear possib le. Most 
of the recent numerical methods, th ere fo re , seek to  produce 
solutions a f te r  successive small steps along the loading path. In  
these methods, co n stitu tive  re la tions  can be expressed in  terms 
of incremental stresses and s t ra in s ,  which can be modified at  
each step according to  the governing y ie ld  c r i te r io n .
1 .3 .  Methods of ana lys is .
In  general, the analysis of plated structures f a l l  in to  
three categories -  c lassica l a n a ly t ic a l  methods, approximate 
methods, and numerical methods.
The c lass ica l ana ly t ica l  methods seek a closed form solution  
of the governing d i f f e r e n t ia l  equation. This is  only applicable  
to  e la s t ic  analysis and very simp'le structures.
The approximate methods obtain a solution based on
s im p lif ie d  e la s t ic - la rg e  d e f le c t io n ,  or r ig id -p la s t ic  analysis  
and often associated with an arbitrary fa i lu r e  c r i te r io n .
Prior to the advent of large computers ,the  few approximate 
solutions of analysing th in  p la te  were obtained from the
equilibrium  and stationary energy considerations, using double 
Fourier series (R efs .1 6 ,115 ).  These solutions are re s tr ic te d  to  
simple load cases and boundary conditions. Williams and Walker 
(R e f .114) have derived an "approximate e x p l ic i t  solution" fo r  
large d e f le c t io n  analysis of rectangular plates subject to  a 
combined loading of compression and in-p lane shear. Using a f i r s t  
order f i n i t e  d ifference formulation associated with a 
perturbation  technique, only very simple i t e r a t iv e  ca lcu lations  
are required in  the analys is . In th e i r  work, p la s t ic  y ie ld in g  is  
not considered.
Horne and Narayanan (R e f .58) have suggested a simple design 
method fo r  s t if fe n e d  p la te  panels under a x ia l  load. According to
them, collapse strength of the panel is  estimated using the
Perry-Robertson column formula, with the fa i lu r e  c r i te r io n  being 
the attainment of a longitud ina l membrane stress at the p la te /  
s t i f fe n e r  boundary equal to  the y ie ld  s tress . The method is
re s tr ic te d  to evenly spaced s t if fe n e d  panels and is  applicable  
only to  those panels which are associated with a "column type"  
f a i l u r e .
Rockey el a l .  (R e f .97) have proposed an u ltim ate load method 
fo r  the design of web panels in  p la te  girders and box beams. 
Their work describes the p la s t ic  collapse mechanism of the web 
panel as a resu lt  of the web p la te  y ie ld ing  through i t s  thickness
under the combined e f fe c t  of the diagonal tension f i e l d  action
and the formation of p las t ic  hinges in the f langes. The method is  
sa tis fa c to ry  i f  applied to  v e r t ic a l ly  stiffened'web paneLs, but 
is  re s tr ic te d  to  girders with stocky flanges which do not su ffe r  
from in s t a b i l i t y .
Rhodes (R e f .93) has recently  presented a simple technique 
using an "e f fe c t iv e  width concept" to  predict post-buckling
behaviour of p la tes . I t  is  based on the hypothesis tha t
e la s t ic a l ly  derived e f fe c t iv e  widths can adequately describe 
p os t-y ie ld  behaviour. The approach provides a very simple method 
fo r  predicting  ultim ate behaviour of a x ia l ly  loaded rectangular  
p la tes .
In general, most of the approximate methods are re s tr ic te d  
to  certa in  types of structures and the adequacy of any such 
method must be tested against an exact solution or a complete 
analysis or extensive experiments before i t s  usefulness can be 
established.
Numerical methods f a l l  into  three main branches
a. Energy methods,
. b. F in ite  d ifference methods, 
c. F in ite  element methods.
\
1 .3 .1 .  Energy methods.
In  the energy methods, displacements of a structure are 
w rit ten  as sums of Fourier series from which the s tra in  energy is  
calculated based on strain-displacement re la tions  and m ateria l  
s tre s s -s tra in  re la t io n s . The to ta l  po ten tia l  energy of the 
structure  is  then computed and minimised with respect to  
displacement coe ff ic ien ts  using numerical procedures such as the 
R ayle igh -R itz .
Moxham (R e f .78) has developed an energy method fo r  the 
e la s to -p la s t ic  large de f lec t ion  analysis of rectangular plates  
subject to  in-p lane compression. In the method, ca lcu lations with  
respect to  energy minimisation are performed using "current 
stra in s"  which contain an e la s t ic  s tra in  component and a p la s t ic  
s tra in  component. Residual stresses and i n i t i a l  out-o f-p lane  
imperfections are imposed in to  the p late  by introducing dummy 
p la s t ic  s tra ins  at the s ta r t  of the analysis . Later L i t t l e  
(Ref.67) improved the technique by minimising the increase in  
to ta l  po ten tia l  energy during the loading increment. Such 
improvement allows him to ca lcu late the value of the function and
i t s  gradient vector during the minimisation procedure. This 
proves to  be a much more e f f ic ie n t  and rapid procedure.
The energy method appears very sa tis fac tory  for analysing  
simple s tructures . I t  is  however often r e s t r ic t iv e  to spec if ic  
boundary conditions. Besides, in more complicated problems, 
displacement functions are not always easy to define.
1 .3 .2 .  F in ite  d iffe rence  method.
In  the f i n i t e  d ifference method, the structure is  normally 
divided by a uniform mesh with var iab le  displacements at the 
nodes of the mesh. To obtain equilibrium  equations, d e r iva t iv es  
of the displacements with respect to  nodal positions are  
approximated using the f i r s t  terms of f i n i t e  d iffe rence  
expansions. The method does not seek to s a t is fy  a l l  the 
governing equations simultaneously, but proceeds by means of an 
i t e r a t i v e  procedure, sa t is fy ing  one set of equations a t a tim e.  
When correc tly  chosen, the calcu lations should converge to the 
so lu t ion . In the method, boundary conditions require special 
treatment and th is  sometimes l im its  the genera lity  of the 
approach.
E a r l ie r  works on plates using the f i n i t e  d ifference method 
were reported by a number of authors. Lin (R ef.66) analysed 
rectangular plates under pure bending using Von Mises's y ie ld  
c r i te r io n  including s tra in  hardening. Aalami (Ref.1 ) presented an 
analysis of the large deflec tion  behaviour of e la s t ic  p lates
under various boundary conditions. Bhaumik and Hanley (R e f .7) 
analysed a uniformly load simply supported square p la te  and 
compared th e i r  results using d i f fe re n t  y ie ld  c r i t e r i a  by 
Johansen, Von Mises and Tresca.
More recently as part of the box g irder research programme 
at Imperial College, f in i t e  d iffe rence  techniques on nonlinear  
e la s to -p la s t ic  large de f lec t io n  analysis of p lates have been 
developed by Dowling, Harding and Frieze (R efs .3 4 ,4 2 ) .  Frieze  
(R efs .39,43) applied the method using a fu l l -s e c t io n  y ie ld  
c r i te r io n  due to I lyush in  and produced results  fo r  square panels 
in  un iax ia l compression. Simultaneously, Harding (R e fs .54,55)  
used the Prandtl-Reuss equations with a layered approach to  
obtain his incremental re la t io n s .  Harding’ s main resu lts  are fo r  
panels of high width/thickness r a t io ,  subjected to combined 
loading of compression and shear. Both Fr ieze 's  and Harding's  
techniques provide fo r  several types of boundary conditions, and 
unloaded edges free  to p u l l - in  or held s t ra ig h t .  Frieze (R e f .45) 
la te r  extended his work to cover in te ra c t iv e  buckling of p la te  
components in  short th in -w a lled  beams and columns. Loadings are  
applied by means of constant s tra ins  a t the ends of section . Some 
of the results  from his work w i l l  be discussed in  more d e ta i ls  in  
Chapter 5 and 6 when they are compared with results  generated by 
the author. The f in i t e  d iffe rence  dynamic re lexatio n  technique 
was also extended by Djahani (R e f .31) and la te r  Webb (R e f .113) to  
analyse s t if fen ed  plates under combined la te ra l  and in -p lane  
loading. In th e i r  work f u l l  section y ie ld  c r i te r io n  is  adopted in
the p la t ing  and layered approach for the s t i f f e n e r .  (Torsional
properties of s t i f fe n e rs  are assumed to remain e la s t ic
throughout the ana lys is .)
Unlike the other rigious numerical methods fo r  p la te  
a na lys is , the f in i t e  d ifference dynamic-relaxation technique 
needs to  select a l in e a r  m ateria l response before a loading 
increment, thus i t  cannot d istinguish between e la s t ic  and p la s t ic  
responses w ith in  a loading increment. As a re s u l t ,  e la s t ic  
unloadings are unable to be detected w ith in  an increment. 
Moreover, the method has d i f f i c u l t i e s  in  dealing with complex 
boundary conditions and ir re g u la r  geometries which introduce  
i r re g u la r  meshes.
1 .3 .3 .  F in ite  element methods.
The th ird  class of numerical analysis is  the f i n i t e  element
method. In th is  method, a structure is represented by an 
assemblage of sub-domains called elements. These elements are 
connected a t jo in ts  which are ca lled  nodal points. The p r in c ip le  
of v i r tu a l  work or minimum po ten tia l  energy is employed to  obtain  
a set of equilibrium  equations fo r  each element. By combining the  
equations for ind iv idual elements in  such a way that continu ity  
of nodal parameters is  preserved, the equilibrium equations fo r  
the e n t ire  body are obtained. In a displacement f i n i t e  element 
formulation the unknown qu an tit ies  are the nodal displacements 
and boundary conditions are eas ily  incorporated. With a given set 
of nodal loadings, the system of equations is  solved to  obtain
the nodal displacements. Within each element stra ins are 
calculated and the associated stresses are found using the 
co n s titu t iv e  re la t ions  fo r the m a te r ia l.  The l i t e r a tu r e  on the 
f i n i t e  element method has grown enormously since the la te  1960's .  
Many books, a large number of papers and Proceedings of 
Conferences (Refs. 2 ,48 ,82 ,83 ,84 ,87 ,103 ,116 ,121 ,123 )  have been 
published on the subject.
The system of governing equations is  normally expressed as a 
set of unknown nodal cHsplacements re la t in g  to  a set of nodal 
forces by a s t if fn e s s  re la t io n  called the tangent s t if fn e s s  
m atr ix .  In a l in e a r  e la s t ic  problem when both the s t if fn e s s  
c o e ff ic ie n ts  and nodal forces are known, the solution fo r  
displacement w i l l  be a standard m atrix operation.
For a nonlinear problem, the s t if fn e s s  co e ff ic ien ts  are some 
functions of current displacements and stresses, and w i l l  vary 
during the loading. An in c re m e n ta l / i te ra t iv e  solution procedure, 
such as the Modified Newton-Raphson method, has to be used. In  
th is  case the governing equations are expressed in  incremental 
form, to re la te  incremental changes in  displacement to  
incremental changes in  load. S t r ic t ly  speaking any value of the 
s t if fn e s s  matrix is  only va l id  fo r  an in f in i te s im a l  increment. 
For a f i n i t e  load increment, the s t if fn ess  matrix a t  the s ta r t  of 
the increment is  used as a f i r s t  estimate to obtain the 
displacement increments. Stresses and in te rn a l forces are then 
computed from the displacem ent-stra in re la tions  and the s tress-
s tra in  re la t io n s .  In a non-linear problem, these in te rn a l nodal 
forces w i l l  not be in equilibrium with the applied loads, and a 
set of out-of-balance forces w i l l  remain. These unbalanced forces  
are used to  estimate fu rther  displacements, and the i te r a t iv e  
loop’ repeated u n t i l  the out-of-balance forces are acceptably 
sm alI.
Fundamental works on nonlinear s tructura l analysis using the 
f i n i t e  element method were due to Marcal (Ref.7 1 ) ,  Zienkiewicz et 
a l  (R ef. 4 6 ) ,  and Brebbia and Connor (R e f .1 0 ) .  Works on various  
nonlinear technique were summarized by C r is f ie ld  (Ref.1 8 ) .  F in ite  
element formulation fo r nonlinear m ateria l and geometric p la te  
behaviour have been presented by Marcal and M alle t (R e f .7 2 ) ,  
Murray and Wilson (R e f .8 0 ) ,  Ohtsubo (R e f.85) and C r is f ie ld  
(R e f .18) fo r unstiffened p la te s ,  and Soreide and Moan (R e f .1 0 1 ) ,  
Tvergaard and Needlemen (R e f.1 1 0 ) ,  and C r is f ie ld  (Ref.22) for  
s t if fe n e d  p la tes .  Some of these works w i l l  be discussed in  more 
d e ta i l  in the appropriate Chapters.
The f i n i t e  element method enables problems with complex 
geometry and boundary conditions to  be evaluated. Hence compared 
to  the other two numerical methods mentioned in  paragraph ( 1 .3 .1 ,  
1 . 3 . 2 ) ,  the f i n i t e  element a n a ly t ic a l  technique proves more 
v e rs a t i le  and powerful in i t s  ap p lica t io n . As i l lu s t r a te d  in  the 
present th e s is ,  the analysis of a complex 3-dimensional s t if fe n e d  
p la te  assemblage can only be handled adequately at present by the 
f i n i t e  element method.
1 .4 .  Scope of the thesis
The objective  of th is  research is to develop a general 
computer procedure for analysis of s t if fened  p la te  s tructures.  
The proposed method takes in to  account the geometric non- 
l in e a r i t i e s ,  m ateria l n o n - l in e a r it ie s  and physical imperfections, 
such as geometric imperfections and welding residual stresses. 
For present purposes, the th e o re t ic a l ly  predicted capacities of 
various types of s t if fen ed  p la te  structure are compared with  
e ith e r  other th eo re t ic a l  methods or experimentally observed data.  
The proposed procedure is  applied to  unstiffened and s t if fe n e d  
box beams, with the p a r t ic u la r  in te res t  of establish ing some 
understanding of the in te ra c t iv e  collapse behaviour of web panels 
in  a complete steel box g ird e r .
In Chapter 2 ,  the f i n i t e  element theory for s t if fen ed  p lates  
is  described. Nonlinear formulations fo r  p la te  elements and 
s t i f fe n e r  elements including derivations of strain-displacement 
re la t io n s  and s tre s s -s tra in  re la t io n s  are presented. Discussions 
on the y ie ld  function and associated flow rule are included.
In Chapter 3 ,  the governing co n stitu tive  equations 
describing the behaviour of s t if fen ed  p la te  assemblages are 
derived. Formulation of an e la s t ic  beam element with m u lt i-p o in t  
constrained nodes is  given ; procedures trac ing the h istory  of 
thermal loading during plated fab rica tions  are presented ; and 
the e ffe c ts  of welding residual stresses and geometric
imperfections are discussed.
Chapter 4 describes the adopted automatic incremental/ 
i t e r a t iv e  procedures which provide an e f f ic ie n t  and time-saving  
scheme as well as a ca p a b il i ty  of passing through l im i t  po ints .  
Flow charts fo r  the proposed scheme are given.
Chapter 5 describes the app lica tion  of the a n a ly t ic a l  method 
to  various type of unstiffened or s t if fen ed  p la te  s tructures . A 
study of the behaviour of ax ia l ly - lo ad e d  th in -w a l l  short columns 
with the presence of geometric imperfections and residual  
stresses is  presented.
In  Chapter 6 ,  a study of the in te ra c t iv e  collapse behaviour 
of web panels in unstiffened and s t if fe n e d  box beams is  
presented. An analysis of a complete s t if fen ed  box g irder  is  
performed and the results  are compared with experimental data .
Chapter 7 contains the conclusions and an o vera ll  discussion  
of the work presented in  th is  th es is .  Comments are made relevant  
to  the s u i t a b i l i t y ,  accuracy and v a l id i t y  of the present approach 
to collapse analysis of s t if fe n e d  p la te  s tructures . And f i n a l l y ,  
areas where fu tu re  research could be p ro f ita b ly  undertaken are  
outlined .

CHAPTER 2.
NONLINEAR FINITE ELEMENT THEORY OF STIFFENED PLATE
2 .1 .  In trod uction .
In  th is  chapter the nonlinear f in i t e  element theory  
employed fo r  the p la te  and s t i f f e n e r  is  presented. C onstitu tive  
laws regarding n o n - l in e a r ity  e f fe c ts ,  including large d e f lec t io n  
and p la s t ic i t y  are formulated.
In  the c lass ica l  l in e a r  theory of p la te s ,  ce rta in  
assumptions are introduced i n i t i a l l y  to  s im plify  the problem to  
two dimensions:
1. The p la te  is  th in .  The thickness of the p late  is  small 
compared with the in-p lane dimensions, i t  is  therefore possible  
to  approximate the d is tr ib u t io n  of displacements, s tra ins  and 
stresses in  the out of plane d ire c t io n .
2 . Following 1 . K irchhoff 's  Hypothesis is  app licab le . Varia tions  
of s tra in s  and stresses on lines normal to the plane of the p la te  
are assumed to  be l in e a r  and the z - l in e  in the out of plane 
d ire c t io n  may be considered as inextensional.
Following the two assumptions the stra ins at an a r b i t ra ry  
point in  the p la te  are given by the expression (R e f .107):
In  the theory the s tra in in g  of the middle surface is  neglected 
so that only the bending action of the p la te  is  accounted fo r .  
However, the membrane action may have a s ig n if ic a n t  e f fe c t  on the 
tranverse p la te  s t i f fn e s s  and because of th is  the resu lts  may 
become quite  inaccurate when the de f lec t io n  is  of the order of 
the p la te  thickness.
A la^ge de f lec t io n  theory fo r  plates has been presented by 
Von Karman 'R e f .109) in  which the fo llow ing assumptions are  
added:
1 . The magnitude of the out of plane d e f lec t io n  is  of the same
order as the thickness of the p la te ,  but small compared with the
ty p ic a l  p la te  dimension.
2. The slope is  everywhere small compared with u n ity .
3 . A l l  s t ra in  components are sm all,  i . e .  the slope w ,  d w
d x  d Y
in  the element are small.
2 2
Under these assumptions extra  terms J, (
2 \ d x )  2 \ Q y )
and are added to eqn.2.1 to complete the expression
fo r  s tra in s .  These la rge- d e f le c t io n  terms cannot be accounted 
fo r  in a l inear  analysis and consequently in the non-linear
analysis an i t e r a t i v e  method of solut ion is  usually required.
Regarding m ateria l n o n - l in e a r ity  in the present an a lys is ,  
the- m ateria l s tre s s -s tra in  re la t io n sh ip  is  assumed to be 
p e r fe c t ly  p la s t ic ,  and therefore  no s tra in  hardening is  assumed. 
Torsional s t if fn ess  in the s t i f fe n e r  element is  ignored, i . e .  no 
t r ip p in g  e f fe c t  is  considered.
2 .2 .  Shape function of p la te  element.
The simplest 4 noded, 20 degrees-of-freedom rectangular  
p la te  element is  chosen f i r s t l y  to reduce the computing time and 
secondly to avoid complexity a r is in g  in the nonlinear  
fo rm ulation , and yet to give reasonable accuracy to the box type 
structure  under consideration.
Membrane behaviour of the element is  described by the f i r s t  
order shape function based on the in-p lane x,y d . o . f .  o n ly , while  
the bending behaviour is  described by the ou t-o f-p lane  
displacement w and the curvatures Xxx ,  Xyy . Transverse 
shear deformation is neglected.
2 .2 .1 .  Membrane behaviour.
The in-p lane shape function of the element is  formulated  
based on the corner nodes and working only with displacements as 
nodal q u a n t i t ie s ,  see diagram ( f i g . 2 . 1 ) .  The dimensionless local
cartesian  coordinates are defined as:
£ =  (x — X c ) / * • d l  =: dX/ a
^   2. 2
T| =  ( y  -  Y C ) / *> ’ d T \ -  * Y / b
The area in te g ra l  is  defined as:
>+1 *+1
f J s i X Y ) dA  =
  2 . 3
The b i l in e a r  in -p lane functions fo r  the elements are generated by 
using
® 5  ^ )  = a 7 +  Q:2 ? ^ _ a 3 Tl ^ " a4 ^ Tl . . . . 2 . 4
at the nodal points and then find ing  the a -va lues . This gives 
the displacement functions while sa t is fy in g  the com patib il i ty  
conditions fo r  a general q u a d r i la te ra l ,
e
u ( l  , T \ )  =  j / v j  |  U
. . . . 2 . 5
, e
Vv ( 5 n) = | N |
where j u j  ,  j y j e are the vectors of displacements at the  
element nodes and
Ni =  i  (  1 +  5 5/ )  (  1 +  W  )__________________ 2 .6
where 5(- ,  nf- are th e ir  respective nodal valves fo r  i= 1 ,4
i .e .
I . =  — 1 1 i — 1 ^I f 9 f
T] j  =  -  1 , - 1  , 1 , 1
2 .2 .2 .  Bending behaviour.
The shape function fo r describing bending behaviour is  based
on the 12-term polynomial chosen by Zienkiewicz and Cheung 
(R e f .119):
W =  ol1 +  a 2 \  +  oc3 r\ +  a4 l 2 +  +  a6Ti2 +  a ? %3
+  a s l 2 r \ • +  a9$n2 +  «fon3 +  a n  S3* l+  ct12l r \
This is  an incomplete quartic  function because the terms
.2  2  _ _  A\  r] and t) are missing.
Evaluating the above equation at the nodal points and 
solving fo r  a  ,  gives the shape function , as derived by Melosh 
(R e f .75) with
( s . n )  =  i j  6*
0y
W
where w = out-o f-p lane  displacement,
bY 
d W
T 7
\ n , \  = shape function fo r  any node
(  1 + 5, ? ) ( '  +  i / i ) ( 2 + 5/? +  n , n -  I 2 -  n2)  1 
=  - M ,  ( * + ? / ? ) ( >  + 1 /1  ) ( n2 - 1  )
•s,( *+?,?)(»+’>/’>) ( ?2-  »)
2 .3 .  Shape function of s t i f f e n e r  element.
In  the formulation of s t i f fe n e r s ,  a m u lt i - la y e r  approach
which allows p la s t ic  y ie ld ing  at d i f fe re n t  levels  is  used. The
h- V
s t i f fe n e rs  can take the form of f l a t ,  bulb or T -section . In the 
o r ig in a l  p la te  element form ulation , the datum l in e  where
displacements were assumed to occur was taken as the mid-surface  
of the p la te .  However with the add ition  of the s t i f f e n e r s ,  in
order to  f a c i l i t a t e  treatment of eccentric loading, the neutra l
axis of the e n t ire  section must be used, see F ig .2 .2 .
2 .3 .1 .  Membrane behaviour of the s t i f f e n e r  element.
In  the s t i f fe n e r  element, the in-p lane displacement function  
is  l in e a r  and coincides with that of the p la te  element along the 
sides of the p la te .
Hence
° ( 0  = M lu
H, =  1 ( 1  + £ , £ )
Where | #- is  the nodal value fo r  i =1,2 i . e .  £/ = - 1 ,1 .
2 .3 .2 .  Bending behaviour of the s t i f f e n e r  element.
To be compatibile with the p la te  element, the s t i f f e n e r
element is  arranged to  l i e  along with the p la te  element
in terfaces  where e i th e r   ^ or  ^remains constant. Thus, a one
dimensional version of the shape function of the p la te  element is  
used fo r  the s t i f f e n e r ,  and the displacement w varies  as a 
cubic function rather than a quartic  in  the case of the p la te  
element.
w ( t )  =
w
0„
 2.11
... 2.10
The shape function for  any node f is:
a
2 +  H Z i - t i t 3
0 2- 1 ) ( «  +  ! , )
. . . 2.12
2 .4 .  S tra in  displacement re la t io n  fo r  the p la te  element.
D i f fe re n t ia t io n  of the chosen shape functions derived from 
the displacement functions, leads to the s tra in  displacement
A ll  the above s tra in  matrices are derived with reference to  
the element neutral axis and not to the datum. A ll stresses and 
s t r a in s ,  modular and s t if fn e s s  matrices w i l l  ,  however be refered  
to the datum (see F ig .2 .2 ) .
2 .4 .1 .  In -p lane s tra in  m atrix .
re la t io n s  (s tra in  m a tr ic e s ): -
[ h ]  in-p lane s tra in  m atrices,
[ f ]  bending curvature m atrices,
[ g ]  slope matrices which are due to large
de flec t io n  e f fe c ts
D i f fe re n t ia t io n  of eqn.2.4 leads to
Where [ h ] is the s t ra in  matrix .
In  order to  prevent the element from getting  too s t i f f  in  
shear, i t  is  necessary fo modify the shear stress to a constant
value over the element and equate i t  to  i t s  centroidal va lue. The 
modified s tra in  matrix then becomes:
[-] -
‘ x!K(f + v)}
i \ f  ’’- i '
where £f. ,  are th e i r  respective nodal values fo r  / = 1 ,4 .
2 .4 .2 .  Curvature matrix of p la te  element.
Double d i f f e r e n t ia t io n  of the re s tr ic te d  cubic shape 
function gives the curvatures Xx and Xy . However the tw is t in g  
curvature v a r ia t io n  is  quadratic , and inconsistent with the lower 
order (four point Gauss) numerical in te g ra t io n .  C r is f ie ld  (R e f .18) 
has modified the curvature matrix at source using Reisser's  
v a r ia t io n a l  p r in c ip le .  The e f fe c t  is  the same as that obtained i f  
the quadratic d is tr ib u t io n  is  replaced by a l in e a r  d is t r ib u t io n  
that coincides with the former at the two point Gauss s ta t io n s .  
This m odification is  used in the present formation,
Xx
/ 3  W
b x * w
Xy 1II
- H
6x
Xxy [ 2 b2W . . . . 0y .
2 .14
bx  cW 4-:
Where 0X = —4 -^ - /  ®y = 4 ^ -  ✓and x d  Y '  y c)x
|fcw(i +v»)l 0 bi(1+vi)(3£+£/)i
[ f] = i&vo+^r i«(1 +i<o(3,i+,,/){ °
.  UiMT l - z T ^ - ^ r  ! sw T
The reduced terms are e f fe c t iv e ly  obtained by replacing the  
quadratic terms Z2 and "2 in the tw is t in g  s tra in  energy:
by the constant 1 /3  ,  the value at the four point in te g ra t io n  
s ta t io n s .
2 .4 .3 .  Slope m atrix .
The slope matrix is  obtained by d i f fe r e n t ia t in g  the
re s tr ic te d  cubic shape function eq .2 .8  which gives slopes as 
high as cubic:
2.15
. 2.16
The f u l l  expression fo r  the s t ra in  matrix is  :
[■] -
| G1l| j G 12 j \ Gl3j
| G21 j j G22 ( | G 23|
where
| G 11 
|  G  12 
|  G  13 
|  G 21
22
| G23
( s f + n 2 -  V ? )  i 
s M iO + v )  ( 1 - 12)!7 
i (1 + T>/n)(3?2+ 2 i f i - Of
- 8-5 " < ( i + ? /0 ( 3,'2+ « 2- ^  - o r
-too+siOo-or
In  order to  make the matrix more consistent with the 
b i l in e a r  v a r ia t io n  assumed fo r  the in-p lane e f fe c ts ,  C r is f ie ld  
(R e f .18) and la te r  P u th l i ,  using the four Gauss s ta t io n s , reduced 
the terms in [ g J to give a l in e a r  v a r ia t io n  in the x and y
d ire c t io n .  The e f fe c t  was to  reduce the cubic terms an^
n3 by th e i r  l inear  terms 5/3 and V 3 respec tive ly , and the
quadratic terms by the constant 1/3  as before. However, as
discussed by Soreide (R e f .100) ,  the constant s tra in  membrane 
condition (b i l in e a r  v a r ia t io n  in in-plane displacement) in the 4 
noded p la te  element could induce problems of s e l f -s t ra in in g  in  
the in-p lane d ire c t io n ,  and worse in some cases leading to great  
e rro rs .  Soreide was in favour of a l inear  s tra in  membrane element 
which requires four more mid-side nodes. He also mentioned that
fo r  the constant s tra in  element, usage of the one point 
in te g ra tio n  ru le  fo r  the mid-plane s tra in  can improve the 
behaviour. Such improvement is  adopted in the present 
form ulation . A severe tes t  on " s e l f -s t ra in in g "  is  shown on 
F ig .5.3 where a large de f lec t io n  analysis of an e la s t ic  
ca n ti le v e r  under an end moment is  carried  out. The exact solution  
of the problem may be w rit ten  in the form:
where e id is  the cross-sectional s t i f fn e s s .
The in-p lane " s e l f -s t ra in in g "  caused very great errors in  
the version using smoothed four Gauss point reduced terms (curve 
A . ) .  Curve B, using one point Gauss point (a t the centro id) gives 
f a i r l y  accurate resu lts  in  comparison with the Soreide l in e a r  
s tra in  element or with the exact so lu tion .
Therefore, using one point Gauss in te g ra t io n ,  the f u l l
[ g ]  matrix is  modified as fo llow ing:
w . . .  2 . 17
where . . .  2 . 18
| Gi i |  =  I
JG12| =  | 8b" ’I /f
The " s e l f -s t ra in in g "  problem was also mentioned by C r is f ie ld  
(R e f .25 ) .
2 .5 .  Strain-displacement re la t io n  fo r  the s t i f fe n e r  element.
Following the same approach as fo r  the p la te  elements, 
s tra in  matrices [ h s ]  ( in -p lane s tra in  m a tr ice s ),  
[ f s ]  (bending curvature matrices) and [ G S ]  (slope 
matrices) are derived fo r  the s t i f fe n e r  elements.
2 .5 .1  In -p lane s tra in  m atrix .
D i f fe re n t ia t io n  of eqn.2.10 leads to
-  -  [ H S ]  j o | e . . . .  2 .19
x ~  ax
where [ « * ]  =  [ 4 t ]
2 .5 .2 .  Curvature m atrix .
Double d i f fe r e n t ia t io n  of the shape functions fo r  the 
s t i f fe n e r  (Eq.2.11) gives l in e a r ly  varying curvature as below:
U n —where • , - § * -
2 .5 .3 .  Slope m atrix .
D i f fe re n t ia t in g  equation (Eq.2.11)  
b w
8y dx
where [ o s ]  =  [  \ ± 1 l (  1 -  ?2 )  | T j i ( 3 ? 2_ ,  +  2 ?S( ) | T]
2 21 • • • » M • 4UX
As in  the p la te  element, adapting the one point Gaussain 
in te g ra t io n .
2 .6 .  Nonlinear geometric form ulation.
Geometric n on linearity  is  obtained by working with the
standard l in e a r  forms in an i t e r a t iv e  way. Strains of a p la te
element or a s t i f fe n e r  element are to  be defined in  terms of
displacements at the datum. For the p la te  element, the
displacement at any leve l in the p late  depth is :
U z  =  U  -
O X   2 .22
„ _  Z
rt Y
where u and v = displacement at the datum
uz and vz = displacement at distance'z'from the datum.
<• ' S-
h :
Following assumptions in 2 . 1 ,  the st ra ins may be w r i t ten  as:
where
in-p lane s tra in
h i  =  j  * i } +  h i  +  * }  *  I
bu  
bx
b v  
b yh i -
b u  , b y 
b y  b x
2 .23
large d e f le c t io n  s tra in  j €/ j  =
J_ /  d w \ 2 
2 ' b x  '  
JL I  dw \ 2 
2 V dv /
(ffXfr)
and
bending s tra in 1* 1-  -
c?w
b x 2
c?w
b v 2
b*w
bx by
The nonlinear large d e f lec t io n  term j e/ j can be w rit ten  as:
h i  =  i  0
b w n
b x
A d w
b y
bw b w
by b x
= H-lh i
Taking the v a r ia t io n ,
Mh = h i + iw h * !+ ¥!>*] h*f 
= w h»i + K e'I
Where SAiy ]
h e I = ] L w
by
the re fo re ,  the to ta l  incremental s t ra in  is  given by:
j At | = |Acfj + 0] | A ej + I A2C, | + z|a X j   2
and can be w rit ten  as
| 'A e j =  j A e, j +  z  j A x  j 2
where j A e/ j = j Ae. j + \_A ] j A 0 j + j A e, j
Ja e ^  re fers  to the to ta l  s t ra in  increment at the datum.
For the s t i f f e n e r ,  s tra in s  are in one dimension and the  
d er iva t io n  is  s im il ia r  to that given above.
2 .7 .  P la s t ic i t y  of the p late  element.
The e la s to -p la s t ic  theory allows the estimation of stresses  
and s tra in s  in the p las t ic  region ,  and subsequently establishes  
the co n s titu tive  re la tions which define the re la t io n  between 
incremental stress and incremental s tra in  (R e f .118).
2 .7 .1 .  C r i te r ia  go verning generia l p la s t ic  behaviour.
In the p las t ic  phase of s tru c tu ra l  behaviour the m ateria l is  
governed by the following three general postulations:
1) A y ie ld  c r i te r io n  which specifies  the s ta te  of stress fo r  
which the m ateria l changes from the e la s t ic  to the p la s t ic  
region. This is  a hypothesis concerning the l im i t  of e la s t ic i t y
under any possible combination of stresses, and is  described 
by a hyper-surface (designated as the Yield Surface). Thus y ie ld  
can only occur i f  the stresses sa t is fy  the general y ie ld
c r i te r io n ,
F { ° i j  ’ K *  )  =  °  . . . . 2 . 2 6
where K *  is  a hardening parameter.
2) A flow Rule which defines the p las t ic  s tra in  increments 
| 6 Ep } in  the follow ing re la t io n :
<6£pt =t,*lffT •••• 2 - 2 7
where d a. = a pos it ive  incremental constant of
p ro p o rt io n a l i ty ,  and'f'is designated as the 
p las t ic  p o te n t ia l .
3) A Hardening Rule which modifies the y ie ld  condition during  
the course of p las t ic  f low . For s tra in  hardening m ateria ls  an 
equivalent re la t io n  is  tha t the work-hardening function is  a 
function of the p la s t ic  work w p ,  thus
K*  =  K*(  WP)
where the p la s t ic  work is  defined by 
M/P =  { o {6eP }
The above postulations are based on experimental 
observations, and the a p p l ic a b i l i ty  of any proposed c r i t e r i a  must 
be checked by experiment.
As the m ateria l concerned in the present work is  assumed to  
be p e r fe c t ly  p la s t ic ,  the work hardening parameter is  e lim inated .
2 .7 .2 . Ilyushin's approximate yield criterion  for a thin
plate.
Attempts to formulate the e la s t ic -p la s t ic  analysis of th in  
she ll  problems were in i t ia te d  by I lyush in  in 1948. He used the 
Von Mises y ie ld  function to  derive a complex y ie ld  surface
re la t in g  to the stress resu ltants  j n j and stress couples
j w j  of the reference surface of th in  isotrop ic  she lls
(R e f .6 1 ) .  I lyu sh in  used the deformation theory of p la s t ic i t y  in  
his approach, but other investigators  have recently  applied his  
concept of the y ie ld  surface associated with a flow approach 
(Ref» 2 0 ) .
Taking m x ,  My ,  Mx y  as the bending moments and to rs io n a l  
moment (R e f .61) and nx ,  Ny  ,  Nxy  as the a x ia l  stresses and shear 
stress m u lt ip lied  by the p la te  thickness, I lyush in  defined  
quadratic stress in te n s it ie s  U  ,  m  and m/7 as:
7T =  Nx +  Ny  -  Nx Ny  + 3  N 2xy
M ~  Mx  +  My  — Mx My +  3 M Xy   2 *
M N  =  M XNX +  My Ny  -  \ M xNy -  j  MyNx  +  3 M xy NXy
These are non-dimensionalised with respect to the u n ia x ia l  
y ie ld  force nd (= o 0 t > and u n iax ia l y ie ld  moment
mq (= cr0 f2/ 4 ) .  By sa t is fy ing  the general y ie ld  c r i te r io n  
(Eqn.2.26) I lyush in  derived an approximate y ie ld  surface fo r  a 
s h e ll :
F =  4  +  4  +  <  1 . . . .  2.29
No . Ml  V 3  M0 N0 ~
where s = MN
\ m n \
In  the theory i t  is  assumed that the behaviour of the
m ateria l is  e la s t ic  u n t i l  y ie ld  is  reached, at which time the
she ll  element becomes suddenly f u l l y  p la s t ic .  This fu l l - s e c t io n
assumption is  not as accurate as considering a p la s t ic  flow  
through the depth of the p la te  thickness, but i t  has the 
advantage of considerable shortening of both computer time and 
storage. C r is f ie ld  (R e f .2 .20) has shown that both approaches gave 
very s im ila r  answers in  a large d e f lec t io n  e la s t ic -p la s t ic  
analysis of p la tes .
2 .7 .3 .  Flow Rule.
Assuming that f  (Eq.2.29) may be treated  as a p la s t ic  
p o te n t ia l  function , so that the genera liz ied  p las t ic  rates are 
proportional to i ts  p a r t ia l  d er iva tives  and normal to the y ie ld  
surface. By the flow rules :
j  ,  j  d f  _  2 S \  dN I  , 16 \ dfW /
* m { d A f j  V 3  t *  \  dN ) ^  \  d M  )
X is the p ro p o rt io n a lity  fa c to r ,  re la t in g  incremental p la s t ic  
stra in s  and curvatures to stress resultant components. The 
fac to r  X may change during an increase of loading and is  
there fo re  a scalar m u lt ip l ie r  which when assuming a negative  
va lue , s ig n i f ie s  the phenomenon of unloading from the y ie ld  
surface.
For p la s t ic  flow to take p lace, the generalized stress  
resu ltan ts  must remain on the y ie ld  surface and therefore
=  0
By the va r ia t io n s  of eqn.2.29 gives
\ F" I = IA N I + I f/n I I A M I = 0 *c ' * "
2 .7 .4 . Incremental stress-strain relation (Tangential 
Elasto-Plastic Modular Matrices).
We can now establish a co n stitu tive  law expressing the 
generalized increment, which is  the sum of i ts  e la s t ic  and 
p la s t ic  components, in the form:
{ a ^ }  =  { a «S} +  { A e£ }
•  •  •  •  '
I A X C} =  ) A X | }  +  j AXp}
where subscripts ‘e* and V  denote e la s t ic  and p la s t ic ,
resp e c t iv e ly ,  and superscripf'c'refers to the p la te  mid-surface.
~ ' I
.31
.32
As discussed e a r l i e r ,  fo r  the treatment of p la s t ic i t y  a l l  
stresses and s tra ins  in  the p la te  are transformed to  the p la te  
mid-surface. A fter the treatm ent, they are converted back to the 
datum.
According to Hooke's law, the incremental e la s t ic  stress  
s tra in  laws can be w rit ten  as:
{ A n c } =  < [ > ] { { A c ? }  -  { A c ' } }
{ A m c } =  [ d ]  j j  A X '  } -  { AXp } |
where |a /vc { and j A m c } are the incremental generalised stress  
resu ltants  at the p la te  m id-surface, and {ae£ f ,  |A X ^ }
are t o t a l  s t ra in  and curvature increments resp ec tive ly , at the 
a id -su rfa ce .
|ACj } and { A x J }  are obtained from {Aef }and  { AXt J 
(a t  the datum) as follows:
{ A c ? }  =  { A c ,  } +  z p{ A X , }
  2 . 34
{ A X ? }  =  { A X , }
The e la s t ic  modular matrix [ o ]  fo r  an isotrop ic  p la te
is  given by:
1 v o
V  1 o
1 —  V0 0
Substituting eqn.2.30 in to  eqn.2.33 and making use of 
eqn.2.31 gives the fo llow ing expression fo r  the p ro p o rt io n a lity  
m u lt ip l ie r  X :
\m +  n )
where
"  =  '  I f n f  [ ° ]  \ fn j
The p la s t ic  s tra in  increments are re la ted  to the t o ta l  
s tra in  increments by substitu ting  eqn.2.35 in to  eqn .2 .30 ,
- f n + n)  +  T T  [ gn m ] [ dJ ^ X ^ |
C « J  =  U . t t ' . f
[ Gm J =  I fail I  I 
[ Gfl/w] =  j fn | |  fm |
Employing the re la tions  of eqn.2.36 in eqn.2.33 leads to  
the follow ing incremental e la s to -p la s t ic  s tre s s -s tra in  laws 
re fe r in g  to the p la te  mid-surface:
}A««j =  [ c ' j j A e f l  +  [ . - « ] }  AX? {
| A M C J =  [ c d ' f j A c ' j  +  [ D C] | A X ' |
. 2.35
. 2.36
. 2.37
where [ c c ]  ,  [ D° ]  anc* [ c<yC]  are t *ie tangentia l e la s to -p la s t ic  
molular matrics about the p la te  mid-surface,
[ C c ]  =  ' [ [ » ] -  r ^ x [ ® ] K ] [ o ] ]
l > c ]  =  t t I n - t t t M W M ]
L 1 2 fm + n j J
, 4
[ - • ]  = 12fm +  n 1
The incremental generalised stress resultants \ & N \ and |a m |  
with respect to  the datum l in e  are given by:
/ z Pe +  t / 2 Jao | dz =  | Awc j
- P e ~  t / 2
  2 . 38
/ Zp +  t / 2 Z  |  ActJ dz  =  \ A M C |  +  ZPe{ AA/C [
‘ P e "  ' / 2
where zPg = e c c e n tr ic i ty  of the p la te  mid-surface from 
the datum l in e .
Substitu ting  eqn.2.34 and eqn.2.38 in to  eqn.2.37 y ie lds  the 
fo llow ing general incremental e la s t ic  p la s t ic  stress s t ra in  laws:
| A * j  =  [ c * ] { A « , {  +  [ « * ] | a x ( |
•  •  •  •  fa  •
| a m | =  [ . .# ] {  Ac, { +  [ 0 * ] } A X , {
where [ c * ]  ,  [ o * ]  and [cd] are tangen tia l e la s to -p la s t ic  modular 
matrices with respect to  the datum l in e ,  given by:
[ c * ]  =  [ c ‘ ]
[ o ' ]  =  [ D ' J + n J . - ' ]  +  < [ c ‘ ]
% *
’ r ' f
[cd]  =  [e d « ]  +  ZpJ > « ]
These matrices depend on the level of the to ta l  current 
stress resultants \ N \ and . They define completely the
incremental re la t io n  between stress resultants  and to ta l  s t ra in s .
2 .8 .  P la s t ic i t y  of the s t i f f e n e r  element.
In  the formulation of s t i f f e n e r s ,  a m u lt i - la y e r  approach 
which allows y ie ld ing  a t  d i f fe r e n t  leve ls  was used. This allows  
simpler treatment of p la s t ic i t y  than in the p la te  element.
2 .8 .1 .  Uniaxial Y ie ld  C r i te r io n .
The stress at any leve l ' z ’ from the zero datum l in e  is  
given by:
CT -  JL M z   2 .40
z A l + A Z j
where zs = distance between the s t i f f e n e r  neutra l axis and the 
datum line>
n  = a x ia l  load in  the s t i f f e n e r ,  
m = bending moment about the datum, 
a = cross-section area,
/ = second moment of area at s t i f f e n e r  about
the neutral ax is .
I
* r i
When dealing with p la s t ic i t y ,  each layer of the s t i f fe n e r  
can be treated  as a one dimensional l in e  segment, therefore  a 
u n ix ia l  y ie ld  c r i te r io n  can be used. The y ie ld  condition is  given 
b y :-
t  =  -4 -  < 1  —  2-41
where ° 0 = y ie ld  stress in the s t i f f e n e r .
2 .8 .2 . Stress-strain relationship.
The stress resultants are obtained by in tegrating  through
the depth of the s t i f f e n e r ,
h 2 
ax dz
*1  2.42
N  =  <s f  
=  ' • /
/ n2( > C + * s )
M =  /  zaxdz
%
• h
o x d z
=  M C +  ZSN
where zc = distance from the neutral axis of the s t i f f e n e r ,
/ • cfe/2* Cox dz°
d s /2
is  the moment about the centroid of the s t i f f e n e r .
In  the absence of y ie ld in g ,  the e la s t ic  s tif fnesses  are 
given by Ee A  and E e  I  ,  where E e  is  the modulus of 
e la s t ic i t y  of the s t i f f e n e r .
With the inclusion of p l a s t ic i t y ,  the to ta l  s t iffnesses are 
given by:
=  EeAe +  EpAp 
El  =  Eele +  Ep Ip
where Ae ie and Ap / are properties in the e la s t ic  regions 
and p la s t ic  regions respec tive ly , and Ep is the p las t ic  modulus
to include s tra in  hardening.
I f  e la s t ic -p e r fe c t ly  p la s t ic  s tre s s -s tra in  behaviour is  
assumed, Ep = 0.
The generalised s tre s s -s tra in  laws may be expressed as:
Tota l a x ia l  force at datum
N =  EA£ =  ( t C +  Zs X )
To ta l bending moment about the datum 
M =  M °  +  Z S N
=  E / X  +  Z S E A (  ec +  Z s x  )
=  ZsE A t c +  (  El  +  z \ E A  ) x   2
with Ep = 0 ,
N =  Ee Ae (  Cc +  rX )
M =  zs ^ e Ae Cc +  (Ee le +  z ]E eAe ) x  2
Formulation of the s t if fn e s s  matrix w i l l  be presented in  the 
next chapter.
% Nodes
O Two point gauss 
station
^  = - 1 ,1 ,1 , - 1  
^  = - 1 , - 1 ,1 ,1
Figure 2.1 P late  element d e ta i ls .
Plate  element
S t i f f e n e r
Mid surface o f p la te  element 
Plate e c c e n tr ic i ty  
N.A. of e n t ire  structure  
S t i f fe n e r  e c c e n tr ic i ty
N.A. of s t i f fe n e r
Figure 2.2

CHAPTER 3 .
FINITE ELEMENT FORMULATION OF THREE DIMENSIONAL STIFFENED
PLATE ASSEMBLAGES.
3 .1 .  In troduction .
In  chapter two the s tra in  matrix and the s t re s s -s tra in  
re la t ions  which account fo r  large d e f lec t io n  and p la s t ic i t y  are 
derived fo r  the ind iv idual p la te  and s t i f f e n e r .  This chapter w i l l  
concentrate on how to  establish  the governing s t i f fn e s s  equation  
which can describe the behaviour of the p la te  assemblages under 
s ta t ic  loading.
The f i n i t e  element method is  generally  recognised as & 
spec if ic  form of Rayleigh-R itz method (R e f .1 2 0 ) ,  a technique that  
re l ie s  on the use of a v a r ia t io n a l  p r in c ip le  to approximate the 
equilibrium  configuration of the structure  under study. The most 
commonly used v a r ia t io n a l  p r in c ip le  is  the p r in c ip le  of minimum 
p o ten tia l  energy which is  used in the present form ulation. The 
p r in c ip le  states that among a l l  displacement configurations tha t  
s a t is fy  in te rn a l com patib il i ty  and the kinematic boundary 
conditions, that which can also s a t is fy  the equations of 
equilibrium  makes the po ten tia l  energy a s tationary  value. I f  
the sta tionary  value is  a minimum, the equilibrium  is s tab le .  I f  
the po ten tia l  energy of the system can be w ritten  as a function  
of generalized deflections cf,- ,  then we may w rite :
4> =  $  (  4  . rf2  dn )
By d i f f e r e n t ia t io n .
T
d ±  
d d
. . .  3 .1
For a s ta tionary  condition 64s = 0 for any admissible set of
c o e f f ic ie n t  of each 5d#- vanishes, i . e .  where
Equations 3 .2  define the equilibrium  configuration and as w i l l  be 
described in the following Sections leads to the well known 
s t if fn e s s  equation:
As mentioned in  chapter one, the three dimensional plated  
structure  under study is  assembled from d i f fe re n t  types of 
component elements. The rectangular p late  element and the 
s t i f f e n e r  element which are capable of including e f fe c ts  of large  
d e f le c t io n  and p la s t ic i t y  were already described in chapter two. 
In  th is  chapter a special beam element is  added to represent part  
of the s tructure  which can be assumed to be e la s t ic  throught-out 
the app lica tion  of loading, thus avoiding the use of excessive 
numbers of degrees of freedom. The welded element and a procedure 
to acommodate the e f fe c t  of welding residual stresses are also  
accounted f o r ,  as well as the e f fe c t  of imposing i n i t i a l  
imperfections.
in f in i te s im a l  displacements | 6 d \  • This can only happen i f  the
As the s t if fen ed  plate panel can be orientated in any 
d ire c t io n  in  space, a coordinate transformation is  required when 
the o ve ra ll  s t if fn e s s  matrix is  being assembled. As for the 
special beam element, i t s  degrees of freedom are not d i re c t ly  
compatible with those of the f in i t e  element mesh, therefore the 
m ultip le  constraint technique is used to impose the extra  
constraint conditions. A ll  of the above mentioned conditions and 
procedures are included in  th is  Chapter to complete the f in i t e  
element modeling of s t if fen ed  p la te  assemblages.
3 .2 .  S t i f fn ess  formulation.
The v a r ia t io n a l  p r inc ip le  of minimum poten tia l  energy is  
used in  the formulation of the element s t i f fn e s s  m atrix . Under
the s ta te  of equilibrium  the po ten tia l  energy of the system
becomes sta tionary  with regard to a l l  k inem atically  admissible
va r ia t io n s  in  displacements.
In  the absence of body forces, the po ten tia l  energy of the 
three dimensional plated system may be w rit ten  as :
<i> =  u -  V ------  3
where s tra in  energy,
and the v i r tu a l  work due to applied loads.
s
3 4•  •  •  •  "X
An increment of the to ta l  po ten tia l  energy is given by
A4> = f  ( |a|TjAc[ + Aa}Tj ^ £}) dvo1 — P + Ap) A6ds 
Jvol. • 's'  '
-  j A P (  6  — 6q)  ds
For stable equilibrium  the s ta tion ary  value of the po ten tia l  
energy is  an absolute minimum, ie  A $  = o and the las t  term 
^ A p |  6 — 60)  ds vanishes since A6 is  not involved. By 
introducing e lasto  p la s t ic  s tre s s -s tra in  re lationships and large  
d e f le c t io n  s tra ins  derived from the previous Chapter, the 
s t if fn e s s  matrix re la t in g  incremental forces and incremental 
displacements can be formulated for the system.
3 .2 .1 . Stiffness formulation for the plate element.
Recalling the s tra in  expression (Eqn.2.25)
{ Ae} =  { Ae , } +  z j A X}
where , ,  . , r  1 , .
{Ae,} =  {Ac, }  +  [ * ]  {A0}  +  { a’ c,}
The incremental po ten tia l  energy (Eqn. 3 .5 )  becomes
A4> =  J  { /v}7 (  { Ae*} +  / » { a q } ) cM  +  J  { m }T { a x } cM
+  \ f { A©}r [ / t ]  |AQ}d/ l  +  j J^ ( { A / v } T}Ae/} +  {AeJ} +  /» {Ae} )cM  
♦ i f f  Am| T| AX}«M -  j* [ p +  Ap)  A 6 d s    3.6
where
M  =
AL Nx "xy
N'xy Ny
\n | =  J  2 j a  j  d Z  and
“ 2^
m = r * z \ a \ d z•*-1/-
Introducing the e la s to -p la s t ic  s tre s s -s tra in  re la tionsh ip  from 
eqn.2.39,Chapter 2.
| a n |  =  [ c * J ] a e , |  +  [cd]|AX,|
J a m |  [ c t ( ] T ^ A e , j  +  [ d #] J a X , |
in to  eqn. 3 .6  gives
A <i> =
i f /  [  J A £ / [ c * ]  i A c ' i  +  SA Q i r w T M  w  I  M
+  |a x (T[ d* ]  | a x | +  |A e |T[ / l ] r [ct(]jAXj + J a x |T[ cc/][> i]  jA e j  
+  |A E| | T[ C * ] [ - ]  M  +  | “ jTW V ]  M  +  | Ae; j r[ c ]  jA x }
+  jA X |T[e d ]|A c ,| 1 dA
A © |  dA — +  A u J a ( /  +  ^ V + A v ) a v J c / S
- /  J ( w  +LW^LWdA +  J  J  j j f l j 7 {  jAe/ j  +  [ * ] j  AQ j |> 
+  | M j 7 j AXj J cM
where a l l  terms involving products with Ac, (higher than th ir d  
order polynomials) have been ignored. Also, shape functions are 
introduced re la t in g  the displacement and stra ins (Section 2 .4 )
M  =
( A  u
[ " ] ( A v
{ a x } = [ f ]  { a w
M  = [ e ]  { a w
and applying the p r in c ip le  of s ta tion ary  to ta l  p o ten tia l  energy, 
{£}■»
h * W - M - [ * ] W
The f i r s t  term is  the vector of t o ta l  external forces
p r io r  to  applying incremental loads at the nodes, i . e .
M =
u
V
w
The second term is  the vector of the incremental applied fo rces ,
M =
AU
AV
AN
The th ird  term is  the in te rn a l load vec to r ,  given by
where
I"! = / A i -  
M = /([° ]Tw>{+MVO--*SA
|Ad| is  the vector of nodal displacement and J is  the 
tangent s t if fn e s s  m atrix , given by
where
[*]  ■
CKP/3
[ K c ] T [ * « , ]
[ * p/ ]  = in-p lane s t i f fn e s s
=  /  [ H ] r [ ° * ]  [ « ]  dA J a
[  Kb ]  = bending s t if fn ess
[ * c ]
/  d>]ri>’]i>] + [°]r[^V] [-] [°] 
+ Mr[*]M + WWW M 
+  m W m  i > ] )  -
= coupled s t if fn ess
= /  (Mr[S]WW +
The term j p j — j Pint j gives the out of balance loads 
between the ex te rn a lly  applied forces and the in te rn a l stress
resultants  calculated from the displacements. This term should
'  f r ;
vanish i f  exact equilibrium  is achieved fo r the current load 
increment Ja p J .
3 ,2 .2 .  S t i f fn ess  formulation fo r  the s t i f fe n e r  element.
Following the formulation fo r  the p la te  element, the 
s t if fn e s s  matrix fo r the s t i f fe n e r  element can be derived in a 
s im i l ia r  way. An increment of the to ta l  po ten tia l  energy fo r  the 
s t i f fe n e rs  is  given by :
Now making use of the eqn.2.42 and in tegra ting  with respect to  
2 ,  gives
The las t  term of equation 3.10 is  ignored since v a r ia t io n  with  
respect to  A d makes the term zero.
Introducing the s tre s s -s tra in  re la tionsh ip  in to  equation 
3 .10  gives
. . .  3.9
A<£ =  J  N A t i X  +  J  MAXdX + \ J  ( n A c +  M A x ) d X  -  j  ( p  +  A p )  A d  d x
. . .  3 .10
A4> =  J  N A t d x  + J * M A X c / x +  / ( y C A c 2+  g'AeAX +  y D ' A X ^ d X
-  f  (  P +  A p ) A ddX
Substitu ting  eqn.2.42 in to  3.11 gives
. . .  3 .11
. . .  3 . 12
where a l l  terms involving th ird  or fourth degree of have
oX
been ignored.
For stable equilibrium  the s ta tionary  value of the p o ten t ia l  
energy is  an absolute minimum, ie  = 0. Introducing the
s tra in s  in terms of the displacements,
=  [ « ] '
«  -  H ' O
*8? - H  ©
in to  eqn. 3.12 leads to a set of s t i f fn e s s  equations
| a v |  +  | v |  — =  [ * p / ]  +  O c ]
| a n |  +  |  w |  -  j iv  j  =  [ k c ]  +  [ kj, ]  | a »v|
where anc* { AW} are vector nodal values of the
incremental applied fo rces , the second term |  y  |  and |  w |  
are the vectors of to ta l  externa l forces p r io r  the app lica tion  of  
incremental loads at the nodes. The equivalent in te rn a l load 
vectors , and are given by :
=  / w [ Hs] dx 
M  =  / ( ~  I f  c f s 3 + "  i 0 * ] ) "
[ * „ , ]  f  [ k c]  and [ Kb]  are submatrices of the element 
s t if fn e s s  m atrix . They are given by
= inplane s t if fn ess
= / C [ HS]  [ HS] TdX
= bending s t if fn ess
=  / ( D' [ o s ] [ GS] t + ( ~ + c ( - ^ ) j )  [ , S] [ « ] r) «
+ / G tx  ( tGS] r + [ ° s] CHS] r ) dX
= coupled s t if fn ess
= / ( c - g [ H « ] [ G S] r +  [ 0 » ] [ « ] r ) «
3 .2 .3 .  Special beam element.
In  order to  produce r e a l is t ic  moment/shear ra t io s  fo r  
c an ti le ve r  box beams, a s u f f ic ie n t  length of beam was required.  
Conventional methods of modelling the whole structure with f i n i t e  
elements would lead to  e i th e r  unacceptably high element aspect 
ra t io s  or to  an excessively large number of elements. Therefore  
i t  was considered necessary to  formulate a special beam element 
to  represent the plated structure as a beam in those regions 
where e la s t ic  behaviour could be assumed.
In  the form ulation, f u l l  com patib il i ty  of displacement was 
required at a l l  nodes, on a cross section of the box g irder  that  
represents the junction of the f in i t e  element model and the 
special beam model.
For a two dimensional beam element(Ref.68,88) with three  
degrees of freedom at the two end nodes (F ig .3 . 1 ) ,  the s t i f fn e s s  
m atr ix ,  including shear deformation, is  given by :
% h u ,
FZ1 O a S YMm W'l
Jl#n 0 b e
.
01
FX2 - h O O h
FZ 2 O — 8 - b O a w 2
M  y 2 0 b 9 O - b e 02
where
h =
a —
b =
e = -
9  =
6 E l  
ASGL2
1 1 2 E I
(1 +  2 h ) Z.3
1 6 E I
(1 +  2h) L2
1 4 E I (  1 +  h( T + 2 h ) \  +  2
2 E l
( 1 +  2h) L
Originally the beam element was formulated according to  
simple engineering beam theory re la t in g  end forces to include a 
parabolic shear stress d is tr ib u t io n  (R e f .90). Unfortunately such 
a formulation fa i le d  to provide a s tra ig h t boundary between the 
two regions where ax ia l  thermal loadings were imposed. To 
overcome th is  problem, a method called m u lti-p o in t constrain  
(MPC) technique (R e f .53) f o r ‘jo in ing  d is im ila r  elements was
employed. D e ta ils  of the technique w i l l  be discussed in  the next 
Section.
3 .3 .  Coordinate transformation.
The purpose of coordinate transformation is to  permit 
m ateria l or element p ropert ies , known with reference to  one 
coordinate system or set of nodal degrees of freedom to be used 
in  another coordinate system or with reference to another set of 
nodal degrees of freedom. As described so f a r ,  the plated  
structure  under consideration is  comprised of three d i f fe re n t  
types of elements : the rectangular p la te  element, the s t i f fe n e r
element and the special beam element. S tiffness  matrices fo r  
each of these elements are f i r s t  formulated with reference to  
each ind iv idua l local ax is ,  and then transformed to  a coordinate  
system re fe r in g  to  a global axis fo r  assembly of the o ve ra ll  
matrix to  take place. Transformation of the degrees of freedom 
in  the boundary between the f i n i t e  element mesh and the super 
beam element, however, reqires special treatment.
3 .3 .1 .  Transformation from local to global ax is .
Let two cartesian coordinate system x r  Y r  Z and 
X ;,  y ' ,  Z * be a r b i t r a r i l y  orientated  with respect to one another 
(F ig .3 . 2 , 3 . 3 ) .  The rectangluar p la te  element with nodes (1 ,2 ,3 ,4 )  
has i t s  local axes coincident with the axes x Y*  * Z '  •
I t  is  desirable to estab lish  the re la t io n sh ip  between the 
two coordinate system making use of the global nodal coordinate  
at the four corner nodes.
To f ind  the z 1 axis re la tionsh ip  with the global a x is ,  the 
plane perpendicular to z 1 axis (plane 1 ,2 ,3 ,4 )  is  used and from 
p rinc ip les  of a n a ly t ic a l  geometry, the equation of th is  plane can 
be expressed as :
><1X y - y ^ N I _N
X f - X n y2 -  y, z2-  z,
x3—x. y3 -  yi z3- z ,
o r
AZX +  Bz Y +  Cz Z -  (  AZX,  +  BZY, +  C2Z , )  =  O
where A z =  (  V2 -  V ,) (  Z3-  Z , )  -  ( V3 -  X ,) (  Z 2-  Z , )
Bz =  - ( V - X ^ Z j - Z , )  +  ( X j - X ^ Z j - Z , )
Cz =  (  X2- X , )  (  r3-  y , )  -  (  X3- X , )  ( y2 -  X ,)
Then the d irec t io n  cosines of the normal (coinciding with 
2 '  axis ) can be w rit ten  as:
3.15
“  V ( A * + B z2+ C z2)
B7
"  V ( a ! +  B 2+ C z2)
Cz
V W  + B l  + c / )
where yi* ,  b 2 and cz represent the d ire c t io n a l vectors of 
the z*  ax is .
To establish  the y* a x is ,  the perpe^icular plane used is  
the one made by the z '  axis and the line  passing through node 1 
and node 2. The equation is given by :
X1X y -  y 1 z -  z .
Az Bz Cz — 0
x2" x 1 y2-  y i z2—
and the d ire c t io n  cosines of i t s  normal C y 'a x is )  can be w rit ten  
as :
\ v •
Ay
y y —
Xy '2  =
\ /  (Ay2 +  By2+Cy)
 By_______
\ / (  A y 2 +  By2+  Cy)
Cy______
V ( A y 2 +  S y 2+ C y)
where Ay  — Bz ^ Z 2 Z-, ^ Cz ^ Y2
By — C z (  X2“  X , )  ”  ^  (  Z2 ” Zi )
Cy =  (  *2 ( x 2— X.,^
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and Ay , By , cy represent the d ire c t io n a l vectors of y * ax is .
S im i l ia r ly  to  f ind  x' a x is ,  the plane containing z  
and / ' a x i s  i s expressed as :
X - X 1 y - y.
NIN
Ay By c y
Az Bz %
=  o
and the d ire c t io n  cosines of Xx axis is  then given by
^x'x
Xx*y —
\ %l2 =
V<A% +  Bx +  C£)
_______ B_______
V ( A % +  B*  +  C*J
 c______
V ( a I  +  bJ  + c 5 ;
where Ax  =  ByCz — Cy Bz 
BX =  *yAz " "  AyCz
CK — AyBz ByAz
axis
The coordinates of the two systems are therefore re la ted  by
The element s t if fn e s s  matrix involving 24 degrees of 
freedom, with 6 fo r  each node, has to  be transformed in to  the 
global d ire c t io n  before assembling to the overa ll  s t if fn e s s  
matri x.
Then
[ * ]  =  [ T ] [ K ]  [ r ]L -*9lobal  L- -* L -»local  L J
where the element transformation m atrix f"T l ’ s 9iven hy
[>]
[*] -
M
[ a ]  n u l l
[ x ] r  -i 
[ * ] [O
N U L L  [ A ]
[*]
3 .3 .2  M u lt i -p o in t  constraint technique.
The end degrees of freedom of the special beam element is  
not d i r e c t ly  compatible with the f i n i t e  element boundary of the 
box section , hence an extra transformation re la t io n  needs to be
imposed in the s t i f fn e s s  equation.
The technique involves a series of matrix transformations. 
The general s t i f fn e s s  equation is
where displacement m atrix .
Assuming a f ixed  re la t io n  between a number of displacements,
then
where s u f f ix  ’ e '  designates displacements at the boundary 
element nodes which are required to be swept out L»y the 
transformation (see F ig .3 . 4 ) .  ' 1 ' designates displacements a t the 
beam end a f te r  the transform ation, and [ o ]  is  the transformation  
m atrix .
Now equation 3.21 could be p art it io n ed  in to
U i  =
«AA KA£
k a e  k e e
where j uA j are displacements at the rest of the nodes other than
Equation 3 .23 can be w rit ten  as
j M  =  [ * / w ]  K (  +  [ * « ] { * ' . (
| Pe | =  Ck4 £ ] 7 } ua | +  [ * « ! ]  SUe|
By su b stitu tin g  equation 3.22 in to  3 .24 we obtain
J pa I = +  c 'Suj [  °  ]  5 i
| pe j  =  K e ]  I  "a I +  [ * a = ] [  ° ] K i
The displacement re la t io n  (e q n .3 .2 2 ) ,  autom atically  defines a 
corresponding force re la t io n  which s a t is f ie s  equilibrium  :
} p, {  =  [ o ] T | p e |
Hence eqn.3.25 becomes :
IM = [°]r[*/u=]KI + [ “ft'fe] [°]{'w»i
Rewriting eqn.3.25 in  matrix form g ives,
ka a  *A E °
Q Ka e  Q  K e e  Q
in  wh i ch j ue jhas been e lim inated.
Two constraint conditions are required in the f u l l  ana lys is .  
F i r s t l y ,  in applying thermal s tra in  loading only the ax i a l  degree 
of freedom is  involved and the transformation matrix is  (see f i g .
[°] = [ , 0°]
■ -  W -[■••■•](■}(
Secondly, in applying subsequent loading (involv ing bending and 
shear) both a x ia l  and v e r t ic a l  degrees of freedom are required ,  
and the transformation matrix becomes : (see f igu re  3 ,6 )
[ ° ]  -  [  0  °  o ' ]
The transformation is  i l lu s t r a te d  d iagram atica lly  in F ig -3 .7  
and F ig .3 .8  • One s l ig h t  drawback of the method is  that the
bandwith of the o vera ll  matrix has to  increase to accommodate the 
to ta l  number of boundary elements. Also, add itiona l ring beam 
elements are added around the boundary to  prevent undesired ou t-  
of-p lane deflections of the boundary nodes.
3.4 . Weld element and residual stress formulation.
A weld element is  a p late  element which allows thermal 
residual s tra in  to be accounted f o r .  I t  allows the imposition on 
the structure  of a r e a l is t ic  residual stress d is t r ib u t io n  to  
simulate the thermal e f fe c t  of the welding process, see F ig .3 .9 .
3 . 2 7
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F irs t  of a l l ,  the width of the te n s i le  y ie ld  zone is  
calculated by assuming a th eo re t ic a l  equilibrium  stress  
d is t r ib u t io n ,  (F ig .3 .1 0 ) .
I f  oc = compressive stress leve l at the centre area and
°o = te n s i le  y ie ld  stress at the welded zone,
then the residual stress leve l is  given by:
ac _  2 *b
° o  b  -  2 tB
The same method could be applied to  the s t i f f e n e r .  In  such a
case, the layer next to the p la te  could be treated in  the same
way to take in to  account the welding s tress , see F ig . (3 .1 1 ) .
To estab lish  a thermal stress d is tr ib u t io n  p r io r  to  
ap p lica t io n  of the external applied loading, thermal s tra in  was 
f i r s t  inputted in to  the weld elements. I te ra t iv e / in c re m e n ta l  
procedures were then carried out u n t i l  the desired d is t r ib u t io n  
was achieved. In order to simulate the p rac t ica l  s i tu a t io n ,  the 
welded area was shrunk to approximately three y ie ld  s tra in s  as 
suggested by H ib b it (R e f .5 6 ) .  I t  was noticed that the ou t-o f-p lane  
deflec t ion s  tended to increase under the action of the transverse  
shrinkage of welds. To take th is  e f fe c t  in to  account, 
approximately 2 /3  of the value of the desired imperfection could 
be used.
Subsequent external loading could then be applied in  the  
usual way except that the f i r s t  increment had to be kept very
sm all,  to allow stress unloading from the y ie ld  surface.
3 .5 .  I n t i a l  imperfection.
I n i t i a l  imperfection in plated structures arise  at two
stages in th e i r  fab r ic a tio n s : during the manufacture of
in d iv id u a l p la t in g  and during the welding up of the plates and
s t i f fe n e r s  in to  the f in a l  s tru c tu re .  The complicated p ro f i le s  
tha t  a r ise  may be considered conveniently in two forms:
(1) Local sinusoidal imperfections of the same order of
wavelength as that of local buckles occuring between s t i f fe n e r s .
(2) O verall mode imperfections of the whole s t if fe n e d  panel 
with a shape depending on i ts  boundary support conditions. For a 
long s t if fe n e d  panel with two free  s ides, a long itud ina l  
c y l in d r ic a l  shape is  assumed. Whereas fo r  a typ ica l  panel in  a 
complete s tructure  ,  a l l  four sides supported e ith e r  by other 
panels or diaphragms, an o ve ra ll  sinusoidal shape can be used.
Both the local mode and the o ve ra ll  mode assumed in  the
present analysis can be e a s ily  generated by the follow ing
equation :
W — A P  cos——  c o s  ——
where a and b are the dimensions of the p la te  fo r  the local  
mode or the to ta l  width and length of the panel in the case of 
o v e ra l l  mode. x  and y are local coordinates in the p la t in g  
and e i th e r  of them can be made zero in order to generate a 
c y l in d r ic a l  shape. AP  is  the imperfection to be generated and
results  from p ra c t ic a l  measurement show that A p is  
independent of the thickness of the p la te .  The new s tee l  design 
rules propose to use A p = 0.005b as the inspection to le ra n ce ,  
where b is  the shorter dimension of the p la te .
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Figure 3.1 Sign notation fo r  beam element.
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Figure 3.2 Sign convention fo r  
displacements and external forces 
in local and global coordinates 
(d irec tions  shown are p o s it iv e ) .
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global coordinates.
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Figure 3.6 Displacement transformations
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Figure 3 .7  Typical element s t if fn e s s  matrix showing the constra in t  
transformation, in the case of applying s tra in  loading.
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Figure 3 .8  Typical element s t if fn e s s  matrix showing the con stra in t  
transformation, in the case of applying bending moment.
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Figure 3.9 Weld element in unstiffened box section.
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Figure 3.10 Ideal stress d is t r ib u t io n .
Figure 3.11 Weld element in s t if fen ed  box section.

CHAPTER 4
ITERATIVE/INCREMENTAL SOLUTION PROCEDURE.
4 .1 .  In troduction .
As i l lu s t r a te d  in  Chapter 3 the use of f i n i t e  element
d is c re t is a t io n  for the nonlinear problem results in  a system of 
simultaneous equation of the form:
M  = [K]‘V l .... 4.
in  which { d f is  the vector of the basic unknown d e f le c t io n s ,  
j p  } is  the vector of applied loads and [  k ]  is  the assembled
s t i f fn e s s  m atrix . Also, as can be seen from the geo m etr ica l*
and ’ m ateria l*  derivations (equation 3 .13) the co e ff ic ien ts  of  
the s t i f fn e s s  matrix [  K ]  depend on the unknown { d J or i t s
d e r iv a t iv e s ,  and c lea r ly  the problem becomes nonlinear. D irect
solution  of equation system 4.1 is  generally impossible and an 
incremental scheme has to be adoptedCRef. 3 . ) .
The simplest way to solve the nonlinear problem is to solve
equation 4.1 as incremental l in e a r  problems by varying m atrix  
[  k ]  a t each increment. However, solutions based on
th is  technique would lead to  an accumiJLation of errors and hence 
a d r i f t  from equilibrium . The more satis fac tory  way is  to  
combine incremental methods with some i te r a t iv e  correction
method. Many options remain open fo r the incremental /
i t e r a t iv e  procedures to be employed. Some of the most generally  
applicable methods in  conduction with f i n i t e  element methods
now be discussed.
4 .1 .1 .  The Newton-Raphson method.
The method is also refered by a number of authors 
(R e f .17,86) as Variable  s t i f fn e s s  method. Given any applied  
load vector j p  j ,  equation 4.1 gives r ise  to a set of 
d e flec t io n  vectors which obviously when ca lcu la ting  in te rn a l  
forces would not be in equilibrium  with \ p \ • The solution is
then improved by reformiog the s t i f fn e s s  matrix [ k ]  based on 
the new de flec t io n  vector. The process is  repeated w ith ,
E * O n „ 7  | ** \out of balance
u n t i l  no fu r th e r  displacement changes occur. The procedure is  
shown schematically in Fig. 4 .1 .  The Newton-Raphson method can 
have very fast convergence. However the approach requires  
complete re-assembly of the structure  s t if fn e s s  matrix in each 
i t e r a t io n .  This is  extremely uneconomical i f  d ire c t  so lution  
methods are used in  solving the equation. Also the convergence 
can sometimes be very e r ra t ic  near the sta te  of alternative  
unstable equ ilib r ium .
4 . 1 . 2 .  The Modified Newton-Raphson method.
As a m odification to the Newton-Raphson method, the 
s t if fn e s s  matrix in  equation 4.2 is replaced at a l l  steps of the 
computation, by the one corresponding to  the i n i t i a l  value at the
beginning of each increment. In th is  way a complete reduction of 
the assembled equations needs only to  be performed for the f i r s t  
i t e r a t io n .  Subsequent approximations to the nonlinear so lution  
is  then performed, via the fo llow ing expression,
E ^ l n  [ * o ]  \ p jouf of balance • • • • 4
This has the immediate advantage of s ig n if ic a n t ly  reducing the 
computing cost per i t e r a t io n ,  with the s t if fn e s s  matrix f ixed  to  
i t s  i n i t i a l  value, the modified Newton-Raphson method has also  
the advantage that the s t i f fn e s s  matrix w i l l  always be p o s it iv e -  
d e f in i te  provided the previous increment converged on a stab le  
equilibrium  s ta te .  The method is  also called  Newton Raphson 
Constant Slope method and was employed in a s l ig h t ly  d i f fe r e n t  
way by Zienkiewicz (R e f .118) as the ' I n i t i a l  Stress method'. The 
procedure is  shown graph ica lly  in Fig. 4 .2 .
The modified Newtion-Raphson method has been widely applied  
to  nonlinear f i n i t e  element analysis (R efs .23,123) and here 
adopted by the author as the basic solution procedure fo r  the 
large de f lec t ion  e la s to -p la s t ic  analysis of th in  p lated  
structu res . The solution method, together with some special  
techniques fo r handling severe n o n - l in e a r ity  w i l l  be described  
la te r  in  the next Section.
4 . 1 . 3 .  Other i t e r a t iv e  methods
There are other i t e r a t iv e  procedures which were i n i t i a l l y  
used to  solve sets of l in e a r  equations, then la te r  extended to  
deal with non-linear problems in  s truc tu ra l ana lys is . Stanton 
(R e f .102) has used a sequence of l in e a r  conjugate gradient  
solutions to  solve non-linear m ateria l problems. The conjugate 
gradient algorithm (R e f .47,63) involves updating the d e f lec t io n  
vector using a l in e  search technique by minimising the po ten tia l  
energy of the system, the main disadvantage is  i t s  s e n s it iv i ty  
to-round o f f  errors when inexact l in e  searches are employed.
Dynamic re laxatio n  (R e f .13,114) is an i t e r a t iv e  method very 
s im ila r  in  form to the conjugate gradient method. The D.R. method 
also requires updating the current d e f lec t io n  vector but in  th is  
case the l in e  search fac tor is  re la ted  to  the eigen-values of the 
o vera ll  s t i f fn e s s  m atrix . I t  has been frequently  used fo r  both 
Linear and non-linear s tru c tu ra l  analysis in  conjunction with  
f i n i t e  d iffe ren c es . Researchers (Ref. 44) upon non-linear  
analysis of th in  plates at Imperial College have employed the 
D.R. method extensively  in th e i r  f i n i t e  d ifference techniques.
The Secant i t e r a t iv e  method (R e f.26) was proposed by 
C r is f ie ld  as an improved algorithm to the modified Newton-Raphson 
method. In th is  case the ca lcu la tio n  of i te r a t iv e  displacement 
vectors involve two scalars which are functions of the current 
displacement and the previous out of balance fo rce . Consequently,
in each i te r a t io n  the slope of the s t i f fn e s s  changes at a secant 
angle rather than remaining constant as in  the Modified Newton 
Raphson method and thus achieves fa s te r  convergence.
F in a l ly ,  the fixed  Arc-Length method fo r  tack ling  non-linear  
problems has recently  received considerable a t te n t io n .  The method 
was o r ig in a l ly  developed by Riks (R e f .95) but la te r  adopted 
to  be used with f in i t e  element methods by C r is f ie ld  and Ramm. The 
method has the c a p a b i l i ty  of handling 'snap through' problems and 
can be e a s ily  implemented in  any f i n i t e  element increm ental/  
i t e r a t iv e  procedures. This special technique w i l l  be described in  
more d e ta i l  la te r  in th is  Chapter.
4 .2 .  An Automatic in c re m e n ta l / i te ra t iv e  procedure.
One of the prime objectives of the present work is  to  
estab lish  an i t e r a t iv e  procedure fo r  analysing th in  p la te  
structures involving large d e f le c t io n s ,  buckling and p la s t ic i t y .  
There e x is t  two important requirements. F i r s t l y ,  the procedure 
must have techniques which enable the load /de f lec tion  curve to  
pass through i t s  maximum point and fo llow  the unloading path 
without too much d i f f i c u l t y .  Previously when sophisicated  
i t e r a t iv e  techniques were not a v a i la b le ,  one would pred ic t the 
c r i t i c a l  buckling load as the point where the i t e r a t iv e  procedure
f a i l s  to converge (R e f .90 ).  Such predictions may be a rb i ta ry  and
sometimes can be dangerous in a complicated problem of high non- 
l in e a r i t y .  Although a divergence during i te r a t io n  may ind ica te  a 
s itu a t io n  of numerical in s t a b i l i t y ,  from the author's experience
the problem may possibly be due to an iso lated  local buckling or 
some sudden regional unloading from the y ie ld  surface instead of 
a to ta l  collapse of the whole s truc tu re . Therefore a f u l l  load/  
d e flec t io n  curve with equilibrium  achieved at each point would 
confirm the predicted maximum buckling load. Also the concept in  
the present new design code fo r  s tee l structures is  based on 
ultim ate  load behaviour of s tructures , therefore having
f a c i l i t i e s  in the procedure which enable post buckling behaviour
to  be followed are undoubtedly ess e n t ia l .
The second requirement is  a fa s t  automatic i te r a t iv e  scheme
in which a number of cha ra c te r is t ic  var ib les  are being optimised. 
This must be emphasised as one load increment in a ty p ic a l  th in  
plated 'box type' problem requires very expensive computer e f fo r t  
( in  the order of 100 cpu seconds using the very fast CDC 7600 
computer). These variables are those such as incremental s iz e s ,  
numbers of i te r a t io n s ,  way of monitoring convergence and the 
accuracy of ca lcu la ting  stresses from the y ie ld  surface. A ll  
these variables are in te re la te d ,  fo r  example using a smaller 
increment s ize requires less i te ra t io n s  to achieve the same
convergence c r i t e r i a ;  a t ig h te r  convergence c r i te r io n  requires  
more ite ra t io n s  and smaller increments; less stress f lu c tu a t io n  
in  the y ie ld  surface resu lts  in quicker convergence hence larger  
increments may be used and lesser i te ra t io n s  re s u lt .  I t  is  
important to  have a scheme which can a rr iv e  at a solution with  
reasonable accuracy and with minimum computing e f f o r t .  An 
automatic scheme would also help*in  reducing the risks of running
in to  numerical i n s t a b i l i t y .
4 .2 .1 .  The basic in c re m e n ta l / i te ra t iv e  procedure.
The basic algorithm used is  the modified Newton-Raphson 
type. External loads or prescribed displacements are applied in  
small increments up to and beyond the state  of • collapse. Each 
increment solution obtained by solving the following set of 
i t e r a t iv e  equations:
J K |  = I * ] ' 1 iAP I
Vd/,r | =  } A d , i r _ ,  j +  ^6df |
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Where P denotes forces , d fo r displacements, c for s tra ins  and 
a fo r  s tresses, with / ,  the increment number and r ,  the
i te r a t iv e  number. Equation 4.1 is  the basic set of simultaneous 
equations re la t in g  the i t e r a t iv e  displacement \^>dr \ anc* the 
applied loading | a p j  by the s t i f fn e s s  matrix [ /c ]  • The method 
of solving the simutaneous equations w i l l  be described in  the
next Section. The applied load ve c to r | a p  jg iv e s  r ise  to i t e r a t iv e  
displacements jfcd. j ,  hence by updating i t s  previous value 
(Eq .4 .5 )  one can obtain the incremental displacement |Acf/>r| .The 
s tra in  increment |A c / > r | is  ca lculated using the large d e f le c t io n  
strain-displacement re la tionsh ip  defined in Section 2 .4  fo r  the 
p la te  element and in 2 .5  fo r  the s t i f fe n e r  element. The stress  
increment is  calculated using the s tre s s -s tra in  re la tionsh ips  
taking in to  account the p la s t ic i t y  as defined in  Sections 2 .7
and 2 .8 .  The to ta l  stresses^ a } at each element are then 
accumulated as equation 4 .4  and in te rn a l forces \ pi \ calcu lated  at  
the Gaussian points. F in a l ly  out of balance forces j A p j a r e  
obtained by subtracting the in te rn a l  force vector from the
externa l load vector. I te ra t io n s  stop when the calculated out of 
balance forces reach a s u f f ic ie n t ly  small va lue.
4 .2 .2 .  Gaussian d ire c t  e l im in a tio n  method fo r  the so lu tion  of 
simultaneous equation.
Among many methods fo r solving simultaneous equations, the
most popular d ire c t  methods of so lution used in f i n i t e  element 
analysis are the Gaussian e lim ination  and Choleski decomposition.
Some i t e r a t iv e  methods such as the Newton Raphson, Modified  
Newton Raphson and Relaxation as mentioned in Section 4 .1 ,  are 
a v a ila b le .  However i t  has been proved that Gaussian e lim ination  
involves fewer calculations than any other algorithm (R ef.64) and 
therefore  is  used in the author's program. The Gaussian method
involves two major procedures. In the forward e lim ination
process, the s t if fn ess  matrix £ k ]  is  reduced to  upper
tr ia n g u la r  form, with the r ig h t hand side j p j being modified
accordingly. The d ire c t  ca lcu la tion  is  possible fo r the las t  
unknown and the rest of the deflecton can be system atically  
determined by taking the reduced equations in reverse order, by 
introducing one add it iona l unknown value at a tim e, so ca lled  
back- su b s titu tio n . Taking advantage of the banded and 
symmetrical nature of the s t i f fn e s s  m atr ix ,  the method only  
requires computer storage area equivalent to an upper t r ia n g u la r  
matrix of semi-bandwidth. I f  zero or negative diagonal p ivots  
ar ise  during the e lim ination  process th is  possib ily  indicates  
that the system has reached an unstable equilibrium  p o in t .
Under the modified Newton Raphson incremental /  i t e r a t iv e  
scheme, the s t if fn e s s  m a t r ix [ /c ]  is  modified only at the begining  
of each increment. Therefore, the e lim ination  process is  only  
performed once for each increment and in each subsequent 
i t e r a t io n  back-substitution is carr ied  out associated with a 
d i f fe r e n t  force vector j A p j •
4 .2 .3 .  Estimation of increment s iz e .
The increment size has a s ig n if ic a n t  e f fe c t  on the rate  of 
convergence. I f  the increment size is  too Large/ convergence w i l l  
become d i f f i c u l t  and slow. Therefore the increment size should 
r e f le c t  the degree of non- l in e a r ity .T h e  objective is to t ry  to  
achieve roughly the same number of i te ra t io n s  fo r every 
increment. A simple procedure suggested by Ramm (R e f .92) is  
adopted here. The next increment size is  set equal to the 
current increment s ize  m utiplied by a fac to r  k  with
where / / - 7  equals the required number of i te ra t io n s  
in  the las t  increment and/ / /  equals to the required number of 
i te ra t io n s  in  the current increment.
A more rig iorous method was used by Bergan et a l  (R e f .5) 
which uses a s t if fn e s s  parameter to  represent the degree of non- 
l in e a r i t y  by comparing the present tangent s t if fn ess  to the 
tangent s t i f fn e s s  at the begining of the loading.
In  the case where a p a r t ic u la r  increment f a i l s  to converage/ 
i t  is  allowed in the procedure to re s ta r t  the same increment 
using a smaller increment size without modifying the o ve ra ll  
s t if fn e s s  m atrix .
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A.2 .4 .  Projected displacement.
At the begining of each increment, the i n i t i a l  incremental 
displacement vector is  usually obtained from the equation 4 .4 ,  
{ A d }  =  [ k ]  ’ { * / > }
Experience in analyzing plates (Ref.79) showed that th is  equation  
when used in some loading cases, produced large displacement 
varia t ion s  , ( f o r  example, thermal s tra in  loading) and led to slow 
and uneven convergence. An improvement is  obtained by using 
projected i n i t i a l  incremental displacements, based on the value 
of the previous increment,
=  x ' . r f c *  {  L d i - 1 }  " "  4-11
where / is  the increment number and A is the incremental 
fa c to r .
4 .2 .5 .  Scaled force norm.
Frequently, convergence is  monitoried by using the Euclidean 
norm II A f  II =  ( lA d ?  )  of the i t e r a t iv e  deflec tion s  and
compared with the Euclidean norm of the cumulative incremental 
d e f le c t io n .  This value was found not always to correspond 
co rrec tly  to  the out of balance force values. Therefore, the 
scaled force norm,
with A p  = out of balance forces ,
and k . . = corresponding diagonal s t if fn ess  c o f f ic ie n t  in
the overa ll  s t i f fn e s s  m atrix .
The scaled force norm of the out-of-balance forces is  then 
compared with the scaled force norm of the to ta l  forces. The 
convergence c r i te r io n  is  s a t is i f ie d  i f  th is  value is  s u f f ic ie n t ly  
sm all,  say 1%.
4 .2 .6 .  Damping factor^
Sometimes when divergence occurs which is  not too severe, i t  
is  possible to apply a damping procedure to bring the deflections  
and forces back to the equilibrium  s ta te .  This is  done by 
adjusting  both the incremental and i t e r a t iv e  deflections with an 
estimated damping fa c to r .  Then re -ca lcu la tio n  of the stresses  
and in te rn a l  forces may produce convergence towards an 
equ ilib r ium  s ta te .
With the damping procedure, equation 4.5 is  replaced by,
{ A d / , r }  =  {  A  d f,  r -  7 }  +  Xd { 6c,r }    4 - 1 3
The value of the damping fac to r  ‘ Xd ’ is  usually taken as un ity  i f  
the i t e r a t iv e  scheme is working successfully ( i . e .  out of balance
forces being reduced a f te r  each i t e r a t io n ) .  I f  convergence does 
not occur, then the damping procedure w i l l  repeat th is  p a r t ic u la r  
i te r a t io n  but th is  time with the i te r a t iv e  displacement from 
equation 4.1 p re -m u lt ip lied  by the damping fa c to r .
The procedure fo r  choosing the optimum damping fac to r  is  
generally  designated as ' l in e  search' (Ref .-30). In  the 
'Conjugate Newton' algorithm proposed by Irons and Elsawaf 
(R e f .6 2 ) ,  i t  was suggested that the damping factor should be 
found by minimising the to ta l  po ten tia l  energy. L a te r ,  C r is f ie ld  
(R e f .26) expressed the to ta l  p o ten tia l  energy as a cubic in  
Ad ,  but found that the equation fo r  ca lcu la ting  was
rather sensitive  to round-off e r ro r .  Consequently, a crude 
damping re la tionsh ip  is  given and is  now used here,
\ =  0 . 8 - i i f i ^ l i L  ---------4 .1 4
II 9 ,  II
whenever || ^ -1| >  i . i | | g ) _ 7 ||
where II 9 II is  the Scaled Force Norm.
The rate  of convergence is  measured by the convergence 
ch a ra c te r is t ic  cr which is  the r a t io  of current scaled force
norm over the previous Scaled force Norm, ie
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I f  c f is  less than u n ity ,  i te r a t io n  w i l l  be carr ied  out 
u n t i l  the convergence c r i te r io n  is  s a t is f ie d .
I f  c r is  greater than' u n i ty ,  damping is  app lied .
I f  the process diverges severely (say c r greater than 2 . 5 ) ,  
the current increment is  restarted  with a smaller increment s iz e .
A .2 .7 .  S tra in  sub-increment.
In  the p la s t ic  range of the ana lys is , one is required to  
monitor the stresses on the y ie ld  surface. I t  is  also necessary 
to  f in d  the approximate stresses to be used in formulating the 
e la s to -p la s t ic  modular m atrix . The accuracy of estimating these 
stresses would have some s ig n if ic a n t  e f fe c t  on the rate  of 
convergence.
Frequently, mean average stress is  cmployedCRef.9 0 ) •  The 
procedure is  presented as follows :
aav 4.16
E
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The mean average stress in eqn. A .16 is  taken between the  
stresses j a / > f - 7  j 'from the last i te r a t io n  of current increment 
and the stresses j ° / - 7  j at the end of las t  increment. The
in n e r
material
iteration
loop
e la s t ic -  p la s t ic  modular matrix e * which represents the
s tre s s -s tra in  re la tionsh ip  over the increment. The e la s to -  
p la s t ic  matrix m u ltip lied  by the current incremental s t ra in  
| A zj t r | is  added to the to ta l  stress at the end of the last  
increment j a / - 7 j to give the current to ta l  stress }
(e q n .4 .1 8 ) .  F in a l ly  the to ta l  stresses (eqn. 4 .19) are brought 
back to  the y ie ld  surface by the factor R.
As one can see, the accuracy of the f in a l  stresses depends 
on how accurately  the e la s to -p la s t ic  matrix is  formulated, which 
in  turn  depends on the values of the average stresses. Moreover, 
y ie ld in g  usually occurs somewhere w ith in  the increment, in fa c t  
i t  may happen at any i te r a t io n .
Mullord (R e f .79) improved the algorithm by introducing a 
m ateria l inner i te r a t io n  loop inside the main i te r a t io n  loop. 
The average stress oav fo r  ca lcu la tin g  e * is  corrected  
i t e r a t i v e ly  as follows:
6 ( ° < . r - r )
K' }
=  2 ( {  ° l -  » }  +  { }  )
=  f n ( a, v )
=  { ° ' - » > +  [ E#] { Ae- }  -  K ' - ; ' }
=  { « V r - , }  +  6 { » / . - » }
=  " { » l . r }
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The procedure is  s im i l ia r  to the average stress method (eqn. 
A.1 6 -4 .1 9 ) ,  but an extra  equation (4 .22 ) is  added to m onitior the 
residual stresses. The inner i te r a t io n  stops when 6 (  o.  
s u f f ic ie n t ly  small. The method worked successfully in analysing  
rectangular p la t in g  in the presence of welding stresses. However, 
i t  is  sometimes d i f f i c u l t  to  monitior the convergence c r i t io n  
6 (  Oj f_ ;J in the more complicated problem of s t if fen ed  p la te  
assemblages.
Whereas here, the concept of s tra in  sub-increment is  
employed. I t  d ivides incremental s tra in s  in to  fu r th e r  sub­
increments. Sub-incremental stresses are then calculated using 
the rore accurate average stresses. The s tra in  sub-increment 
procedure is  outlined as follows:
4.25
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The incremental s tra in  JAe,- f ( "*s f i rst divided in to  'N* 
number of s tra in  sub-increments jA  Es>nJ(eq -4 .2 5 ) .  For each sub­
increment,the mean average stress is  taken and is  used to  
formulate the matrix e *  , (eqn.4 .2 7 ) .  Sub-incremental
| Aos n | stresses computed using j Aes n j are added to th e i r  
previous value to give the current to ta l  stresses. ‘ Ten* sub­
increments are used in the f i r s t  increment when y ie ld ing  s ta r ts ,  
then * f iv e '  sub-increments fo r  the rest of the p la s t ic  
increments.
Computer flow chart fo r the "displacement control" automatic 
procedure is  given in Fig 4 .4  and 4 .5 .
4 .3 .  The Modified R iks1 Method.
The automatic incremental procedures described in Section
4 .2  were f i r s t  employed by the author to deal with the problem of 
analysing unstiffened plate  assemblages. I t  was found that even 
with a l l  the improvements mentioned th e re in ,  i t  s t i l l  sometimes 
gives r is e  to d i f f i c u l t i e s  in  following the unloading path. The 
convergence problem became more severe in the analysis of 
s t if fe n e d  boxes in which occur much more complicated buckling  
modes and welding stresses in  both plates and s t i f fe n e r s .  I t  
becomes apparent that a more sophisticated method is demanded. In  
1979 Riks(Ref.95) proposed a new solution procedure fo r  
overcoming l im i t  points. Later C r is f ie ld  (R e f .28) modified Riks* 
approach so that i t  became suitab le  fo r use with the f i n i t e
element method. This new solution procedure has been implemented 
in to  the present program in an attempt to handle some d i f f i c u l t  
s itu a tions  ( F ig .4 .3 ) .
4 .3 .1 .  Basic theory.
For a problem with n displacement va r ia b le s ,  Riks proposed 
tha t  an extra  equation,
A d rA d  +  AX2PTP =  A  / 2 ---- 4 * 31
be added to  the equilibrium  equations. A d is the incremental 
displacement vector and p is  the to ta l  loading vector. The 
scalar X is  the 'loading param eter', while A /  is the f ixed  
length of the (n+1)th increment. From numerical experience both 
C r is f ie ld  and Ram have found that i t  is  b e t te r  to use the simpler 
constra int
T
j A d j =  A / 2 ------ 4.32
In  the standard modified Newton-Raphson method, the basic 
equ ilib r ium  equation (Eqn.4 .9 )  calculates the out-of-balance  
forces as the d ifferences between the external applied load 
vector and the in te rn a l forces i . e .
}A P  | =  { * {  -  \P;  j =  0
The Riks' method as a m odification to the standard modified
Newton-Raphson introduces a loading parameter as a scalar X
I f  we redefine j Pe j as the to ta l  external load vector and j p. j 
as the current in te rn a l force vector then eqn.4 .9  becomes
  4 .33
Having adopted a technique s im ila r  to that used by Batoz and 
Dhatt fo r  standard "displacement c o n tro l" ,  eqn.4.33 is  rew rit ten  
to express the out-of-balance force vector as:
=  f A P l  "  6 X 5 p* i  =  0A T  O A A
Now the current i t e r a t iv e  displacement j j given by the 
modified Newton-Raphson method can be expressed as:
I H I  =  l l ( t , X(
=  -  ' | x . -  » » , | ' . | )
A /
Where £ k  ]  is  the tangent s t i f fn e s s  matrix at the beginning of 
the load increment.
We can substitu te  the i t e r a t iv e  displacement fo r  some known
= - i > : r
and the tangentia l displacement required fo r  the o r ig in a l  
tangen tia l so lu tion ,
I-/1 =
Eqn.4.35 becomes
I 6-1 | = I 6"/ L. +' 6X, | dT\
4.34
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Recalling the incremental displacement eqn.4.5:
4 . 3 8
Substitu ting  eqn.4.37 and 4.38 in to  the constraint eqn.4.32 gives 
a quadratic equation in terms of the variables 6X,- :
16di \ ) ( + ! 6 d i \ )  =  A>2
i e  ( } A d , (  +  )6tf; | +  e A , ^ T| ) 7 ( | d , . |  + { A d f ( +  6X, {dr | )  = A  I 1
i A/
o r  A, 6X*  +  >»2 6 X /  +  A3 =  0
where  =s j  dj  j  j  d j  j
=  2 ( l At , / |  +  | 6d, i x / ) r | c,7' |
* 3  =  ( } A - , j  +  | 6 - , { ^ ) r ( j A - , |  +  } 6 - f | X | )  -  A / 2
The i t e r a t iv e  load parameter 6X;- resulted from eqn.4.40 together
r e ^ r e ^ e n t  d<r^la^ov\ W V iw ie u v
with the i t e r a t iv e  de f lec t io n Aof the structure under the applied  
loading.
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4 . 3 . 1 .  S o l u t i o n  p ro c e d u re
The combination of Riks* procedure with the modified Newton- 
Raphson method results  in the fixed  length modified R iks1 
procedure. The procedure was adopted in to  the author's program 
and can be summarised by the follow ing steps:
Step 1 : F i rs t  assuming a f ixed  load level p ( X = 1 .0 )  which
fo r  convenience is  taken as the f u l l  p la s t ic  collapse  
load. The l in e a r  tangen tia l displacement vector
I " t j = o r 11p j . . .  4 .41
is  calculated
Step2 : The f i r s t  incremental displacement vec tor ,
4.42
where A X  is  the assumed i n i t i a l  va lue, normally taken 
as 0 .2 ,  is  calculated as is  also the f ixed length by 
sub stitu ting  eqn.4.42 to  eqn.4 .32 .
A  X . 4 .43A  I
Step 3 : The out-of-balance force is  ca lcu la ted ,
J a p I c x B .  =  \ P \ i n , .  -  A X , H
. . .  4 .44
Step 4 : The i te r a t iv e  displacement vec to r ,
{ * * , 1  =  - i > r 1 }Ap jo.s.
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is  ca lcu la ted . A fte r obtaining a 1 ,  a 2 and a 3 using 
eqn.4.40 , i s  solved fo r  6X1 from the equation
2 2 . . . . 4 . 4 6
A16 X 1 +  a 26 X 1 +  43 =  o
There are two roots of th is  quadratic equation. To 
avoid moving back on the o r ig in a l  path, the "angles" 
between the incremental displacement vectors j Adi | and 
before and a f te r  the i te r a t io n  should be p o s it iv e .  From 
eqn.4 .38  there are two a l te rn a t iv e  values f o r |ac/2| which 
correspond to the two roots . Hence the two "angles" 0, 
and 02 are given by :
=  | A d2, , j  | A d , |
02 =  I a ^ I  |A d ,|
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The appropiate root is  the one which gives a p o s it iv e
‘ O ’ unless both ‘ 6 ’ are p o s it iv e ,  in which case,
the appropiate root is  tha t closest to the l in e a r
solution:
6  X ,  =  -  a 3 / a 2  4 - 4 8
Step 5 : The i t e r a t iv e  displacement vectors , incremental
displacement vectors and load parameter are
adjusted accordingly,
  4.49l6d2| = S6dij + 6x4 ■'ri 
|  A d 2 j  = J A d l |  +  J ® d 2 J
x2 — X1 + 6X1
Step 6 : Recalculation of out-of-balance forces is  now
performed,
\ & p \o.B. ~~ j ^ j internal AX2 j p j 4.50
For each increment of loading, steps 4 to 6 are repeated 
u n t i l  the out-of-balance force \& p \g.b. is  s u f f ic ie n t ly  small.
Most of the automatic technique from the previous scheme are 
kept in  the program where possib le. The procedure is  also  
i l lu s t r a te d  in the form of computer flow chart in F ig .4 .6 .
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|<   i
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Displacement d
Figure 4.1 Incremental procedure combined with 
Newton-Raphson i te ra t ions .
incremental . i t e r a t i v e
Load level X
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Figure 4.2 Incremental procedure combined with 
Modified-Newton-Raphson i t e r a t i o n s .
Load level X
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Figure 4.3 Riks' Arc length method with
Modified Newton-Raphson Technique.
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CHAPTER 5 .
EXAMPLES OF THE ANALYSIS OF PLATED STRUCTURES AND COMPONENTS
5 .1 .  In troduction .
Collapse analysis of s t if fe n e d  plated structures is  complex 
because of the high n o n - l in e a r it ie s  involved and the e ffe c ts  of 
imperfections which arise during the fab r ic a tio n  process. In  the 
previous three Chapters, general formulations have been presented 
to  tack le  such problen*s. Before applying the procedure to  
complete p la te  assemblages, i t  is  c e rta in ly  des irab le  and 
necessary to try  i t  out on the ind iv idual components using some 
r e la t iv e ly  simple models subject to a l l  possible imperfections. A 
series of examples representing varies  aspects of the problem are 
therefore  given in  th is  chapter and results  are compared to  other 
numerical solutions or data from experiments.
The simulated a n a ly t ic a l  model is  bas ica lly  b u i l t  up from 
three separate components. Rectangular p la te  bending elements are  
associated with a fu l l -s e c t io n  y ie ld  c r i te r io n  to represent the 
p la ting  part of the s tructure . With respect to the l ine  elements, 
m ulti- layered  approach is used to  simulate the s t i f fe n e r s .  
F in a lly  an e la s t ic  special beam element with m u lt i-p o in t  end 
constraint is  used to  represent the portion of the structure away 
from the non-linear area. Example 5 .2 .1  of a simply-supported 
p la te  and example 5 .3 .1  of a s tru t  w i l l  demonstrate the large  
deflec t ion  e la s to -p la s t ic  mechanism of the p la te  element and the
s t i f fe n e r  element respective ly . The behaviour when they are 
combined in to  a s t if fen ed  p la te  is  v e r i f ie d  by a s t if fened  wide 
pla te  example in  5 .3 .2  and a f u l l  length model of a s t if fen ed  
panel in 5 .3 .3 .  The s e l f -s t ra in in g  problem described in  2 . A.3 is  
investigated by using a can ti lever  p la te  subject to end ro ta t io n .
The two s ig n if ic a n t  imperfections as a resu lt  of fa b r ic a t io n  
are the i n i t i a l  geometrical imperfections and the welding 
residual stresses. Their typ ica l  e f fe c ts  on plated structures are  
studied here using a th in  walled column subject to  uniform 
compression. Load-shortening curves subject to three d i f fe re n t  
leve ls  of imperfections with and without the influence of 
residual stresses are presented. A special beam element is  used 
to  impose uniform loading and provide a correct boundary for the 
residual stresses to be developed.
F in a lly  the automatic in c re m e n ta l / i te ra t iv e  procedure 
described in  Chapter 4 is  demonstrated by the analysis of a 
c y l in d r ic a l  she ll under a point load with a "snap through" 
behaviour. I t  is  thereby proven tha t  the i te r a t iv e  procedure can 
indeed handle the l im i t  point problem e f f i c ie n t ly .  In fa c t  i t  was 
found to  work w ell in a l l  cases except those where very rapid  
unloading occured.
5 .2 .  Examples of unstiffened p la te
5 .2 .1 .  Simply-supported p la te  under un iax ia l compression.
The use of the l in e a r  e la s t ic  four-noded "non- conforming" 
rectangular p la te  element has been w ell ju s t i f ie d  by others (Refs 
89,73) and so w i l l  not be debated fu rth e r  here. The large  
d e f le c t io n  e la s to -p la s t ic  behaviour is  formulated fo llow ing  
C r is f ie ld 's  method(2.2) including the use of the modified  
I lyu sh in  y ie ld  c r i te r io n .  Recently, Bradfie ld  and Chladny 
(R e f .9 ,8 )  carr ied  out a review on the analysis of th in  p lates  
subject to  in-plane compression. They went on to compare 
d i f fe re n t  numerical methods which are capable of handling 
buckling as w ell as p la s t ic i t y .  These include Moxham and L i t t l e ' s  
energy method (Ref.7 8 ,6 7 ) ,  Frieze and Harding's dynamic 
re laxa t io n  method (R e f .40,55) and f in a l l y  C r is f ie ld 's  f i n i t e  
element method (R e f .1 8 ) .  Figure 5.2 shows load-shortening curves 
produced by the three methods alongside the results  from the 
present ana lys is . In the present example, the chosen p la te  has an 
aspect r a t io  of 0.875 to  which the optium collapse load is  
associated(Ref.7 8 ) .  An intermediate w idth-to-th ickness r a t io  of 
55 is employed to  ensure tha t buckling and y ie ld  w i l l  take place 
simultaneously and s e n s it iv i ty  to i n i t i a l  geometrical 
deformations w i l l  be la rge . A c r i t i c a l  value of 0.005b (proposed 
inspection tolerance for bridge steel-work) is used as the 
maximum i n i t i a l  deformation. Welding stresses are not considered.
Harding's analysis used the Von Mises y ie ld  c r i te r io n  and 
gave a maximum collapse load very s im ila r  to that from 
C r is f ie ld 's  analysis using modified I ly u s h in 's  y ie ld  c r i te r io n .  
The energy method of Moxham and L i t t l e  produced lower maximum 
loads of about 4% of the y ie ld  load when compared to  the present 
ana lys is . In general C r is f ie ld 's  curve shows a higher e la s t ic  
s t if fn e s s  than those of the others and a steeper f a l l  in load 
beyond the maximum load po in t.  The p late  element used in  the 
present program follows C r is f ie ld 's  form ulation, but with 
improvements in  various areas including a be tte r  i te r a t iv e  scheme 
(Chapter 4 ) ,  an improved reduced in tegra tion  procedure (2 .4 .3  and 
5 .2 .2  examples) and a more accurate way of ca lcu la ting  stresses  
on the y ie ld  surface ( 4 .2 .7 ) .  The curve generated by the present 
computer program ASPS (R e f .105) produced a s l ig h t ly  lower maximum 
load compared to  Harding's r e s u l t ,  but the e la s t ic  s t if fn esse s  
are comparable. The comparatively smooth unloading path is  
probably accounted fo r  by the improvements in  s e l f -s t ra in in g  and 
the respective y ie ld  surface ca lcu la t io n .
5 .2 .2 .  Cantilever p la te  subject to  end ro ta t io n .
The purpose of th is  example is  to  demonstrate the accuracy 
of the p la te  element formulation when applied to a problem 
involving large ro ta tions . For an e la s t ic  can tilever with a 
concentrated end moment(Fig.5 . 3 ) ,  the exact one-dimensional 
solution is  given by Moan(Ref.100,77) as:
where w is the t ip  d e f le c t io n ,  l  is the length of the
undeformed c a n t i le v e r ,  Eid is  the cross-sectional s t if fn e s s  and 
m is  the end moment.
The exact solution is  shown in  Figure 5.4 together with two 
sets resu lts  from the present f i n i t e  element model using two 
d i f fe r e n t  in tegra ting  schemes. As suggested by Moan, the main 
source of inaccuracy is  caused by a r t i f i c a l  s tra in ing  in  the
elements and is  associated with the slope representation in  the 
s tra in  matrix form ulation. However, using the present constant 
s tra in  membrane p la te  element( 2 . 4 . 1 ) ,  error due to  " s e l f ­
s tra in in g "  can be large ly  reduced by adopting a one point 
in te g ra t io n  ru le  (which coincides with the centre of the 
elem ent), ( 2 .4 .3 ) .  The results  are shown as curve A in Figure 
5 .4 .  Curve B uses the two point Guass in tegra tion  scheme ( l in e a r
v a r ia t io n )  suggested by C r is f ie ld  and causes great e rro rs .  The
erro r  in  central de f lec t io n  fo r  curve A amounts only to about 2% 
at M=8M* (M* is  the end moment giving a t ip  slope of 2 .25
degrees).
5 .2 .3 .  C y lin d r ica l  sh e ll  with "snap through"
The example of a hinged e la s t ic  c y l in d r ic a l  she ll subject to  
v e r t ic a l  point load was f i r s t  used by C r is f ie ld  (R e f .21) to  
i l lu s t r a te s  his solution procedure which combined Riles* arc
length method and the modified Newton Raphson method. The same 
example is  used here to demonstrate the procedure adopted in to  
the present program in the form as described in  chapter 4 .
A four by four mesh is used to  idea lis e  a quarter of the
e la s t ic  c y l in d r ic a l  she ll  shown in  f i g . 5 .5 .  The analysis is
performed using the automatic i t e r a t iv e  procedure (Section 4 .2 )  
combined with the Riles' f ix in g  length method (Section 4 .3 )  under 
force co n tro l .  The size of load increment is  s e lf -a d ju s t in g  
according to  the i t e r a t iv e  c r i t e r i a  and the values of the load 
parameter. The signs of the load increments followed th a t  of the 
determinant of the tangent s t i f fn e s s  matrix in  the s tru c tu re .
In sp ite  of using a very t ig h t  convergence c r i te r io n  
( I0 ~ 4 ) ,  the solution procedure allowed Limit points to  be
passed without any d i f f i c u l t i e s .  Whereas a standard modified
Newton Raphson method with force control would have fa i le d  in
th is  example when the sign of the determinant changed from 
p o s it ive  to negative. The resu lts  from the present analysis are  
almost id e n t ic a l  to  those given by C r is f ie ld  and are in  close 
agreement with the a l te rn a t iv e  solution due to Sabir and Lock 
(R e f .9 9 ) .  Table 5.1 shows the fourteen increments, th e i r  applied  
loads, the corresponding centra l deflections together with the 
required number of i te ra t io n s  and the signs of th e i r  
determinants.
5 .2 .4 .  Collapse of unstiffened box columns in  the presence of 
welding stresses.
Collapse analysis of a th in -w a lled  section involves  
consideration of buckling and p la s t ic  y ie ld in g .  The analysis  
should be able to t re a t  local wall behaviour as w ell as 
in te ra c t iv e  buckling of adjacent panels. Graves- Smith (R e f .49) 
f i r s t  presented a solution to  such a problem using a Rayleigh- 
Ritz  type v a r ia t io n  p r in c ip le  associated with Von Mises 
p la s t ic i t y  representation. Separate e ffe c ts  of i n i t i a l  
imperfections and residual welding stresses were treated  and 
discussed in  d e t a i l .  Unfortunately the analysis was re s tr ic te d  to  
square sections and uniform thickness so that out of plane 
movements, reactions and shear stresses at the in te ra c tin g  edges 
were a l l  assumed to  be zero. Also, for the p la s t ic  theory to  be 
ap p licab le ,  the calculated c r i t i c a l  buckling stress had to  be 
w ith in  the e la s t ic  range and hence re s tr ic te d  the w idth/thickness  
r a t io  to be less than about 60. Recently Frieze (R e f .45) ca rr ied  
out a study on e la s to -p la s t ic  buckling in  short th in -w a lled  beams 
and columns. His method was based on a dynamic re laxa t io n  
procedure together with a modified I ly u s h in 's  f u l l  section y ie ld  
c r i te r io n .  Using a f ixed  magnitude of i n i t i a l  imperfection and 
one leve l of residual stresses, results  were produced fo r  various 
square sections of d i f fe re n t  width/thickness ra t io s .
The present study, however, concentrates on the e f fe c t  of 
residual stresses associated with d i f fe re n t  magnitudes of i n i t i a l
imperfections. To s im plify  the problem but with no great loss in  
g e n e ra l i ty ,  a column of square section and uniform thickness is  
employed so that only a quarter of the section is  needed to  be 
modelled. The length of the column is  chosen so as to coincide  
with a single local buckling mode wavelength. Dimensions of the 
box column and i t s  properties are shown in  F ig .5.6 and 5 .7 .
To represent the i n i t i a l  geometry of the p la te  surface, a 
sinusoidal shape of imperfection is  f i r s t  imposed on the unloaded 
s tru c tu re .  Three levels  of imperfections, 0.002b, 0.005b and
0.009b are then used fo r  comparison. The width of the residual  
area is  calculated using equation 3 .29  of section (3 .4 )  assuming 
an idea lised  residual stress d is tr ib u t io n  of 10% y ie ld  stress  
le v e l .  To simulate the thermal welding process, the elements 
representing the residual area are shrunk to  approximately three  
y ie ld  s tra in s  and the f in a l  stress d is tr ib u t io n  is  shown in  
F ig .5 .8 .  To apply uniform compressive loadings, prescribed a x ia l  
displacement is  incremented a t  the free  end of the section  
through the special e la s t ic  element.
Load-shortening curves fo r three d i f fe re n t  levels  of 
imperfections with and without residual stresses are presented in  
F ig .5 .9  -  5 .1 1 .  In F ig .5 .1 0 ,  for imperfection level at 0 .005b,  
F rieze 's  resu lts  of a section , with h / t  = 6 0 ,  a / t  = 80, show a 
s l ig h t ly  higher maximum strength with a steeper unloading path. 
The d ifferences could probably be accounted fo r by the fac t  tha t  
Frieze used a s im p lif ied  residual stress d is tr ib u t io n  at the 
beginning of loading and tha t the properties of the two sections
were not exactly the same.
A l l  three sets of curves have the same charac te r is t ics
show.ing a reduction of strength with the presence of residual
stresses. I t  is  also in te re s tin g  to see that the amount of 
reduction ac tu a lly  increases as the i n i t i a l  imperfection gets 
sm alle r, although the d iffe rence  is not very obvious. F ig .5 .1 2 ,  
5.13 sums up the inference of imperfections and residual stresses  
on column behaviour. Considering i n i t i a l  imperfections a lone , as 
expected, strength of the section is  generally  reduced from the 
onset of loading by any increase in the amount of im perfection. 
Reduced peak strength leads to  a more gentle unloading path. 
Fig.5.14A shows the developement of p la s t ic  regions w ith in  the 
p la te  of four stages of loading. Without the influence of residual
stresses, y ie ld ing  s ta r ts  at the four corners and spreads
forwards to  the centre of the panel. Spreading of y ie ld  from the 
corners represents loss of panel o ve ra ll  strength hence leading  
to  a downward unloading path. With the presence of residual 
stresses (F ig .5.14B) y ie ld ing  s ta r ts  a t  tha t panel area adjacent 
to  the residual te n s i le  region and spreads towards the centre . In  
th is  case the tension zone remains e la s t ic  f a r  in to  the post-  
buckling range. Consequently such reserve of strength a v a ila b le  
at the corner region leads to the gentle r is in g  post-buckling  
path. At the la te r  stage of the loading (e f fe c t iv e  s tra in  g reater  
than 2 .0 )  a l l  curves jo in  up at the same leve l as y ie ld in g  has 
been f u l l y  developed.
5.3 Examples of s t if fe n e d  p la te
5 .3 .1  S t i f fe n e r  treated  as a s truct under un iax ia l compression.
The m u lti- layered  approach of formulating s t i f fe n e rs  was 
previously described in  Chapter 2 .  Before incorporating the 
formulations in the analysis of s t if fen ed  p la te s ,  i t  is  used to  
analyse an u n ia x ia l ly  compressed s t r u t .  The properties of the 
s tru t  and resu lts  are given in  F ig .5 .1 5 .  The s tru t  has a 
slenderness r a t io  ( l / r )  of 91 and a maximum i n i t i a l  d e f lec t io n  of 
0 .0 0 1 L. The length of the s tru t  is  devided in to  s ix  l in e  
elements. Each element uses two Guassian points which are  
compatible with the nodal points of the associated p la te  
elements. Each l in e  element is  subdivided in to  six layers so tha t  
each layer t re a ts  p la s t ic  y ie ld in g  in d iv id u a lly  when the average 
stress a t  the Guassian point reaches a certa in  value. Two sets of 
resu lts  obtained by C ris f ie ldC R ef.24) using two d i f fe re n t  methods 
are given fo r  comparison. The f i r s t  set of results was obtained  
using a s ingle layer formulation together with the modified  
Ilyushin f u l l  section y ie ld  c r i te r io n .  The second method used a 
Ritz  procedure in which the deflected shape was represented by a 
sine wave and p la s t ic i t y  was treated  using f iv e  Gaussain 
in te g ra t io n  stations through the depth of the section . As 
expected, the present analysis (F ig .5.15) shows that the pos it ion  
of the f i r s t  f ib r e  y ie ld  is  lower than the one predicted by using 
the f u l l  section y ie ld  c r i te r io n  and that i t  agrees with the 
pred ic tion  using R i tz 's  method. The post-buckling curve is  in
general s l ig h t ly  lower than the other two curves by about 2% of 
the y ie ld  load.
5 .3 .2  Eccentric s t if fe n e d  wide p la te .
Figure 5.16 shows the d e ta i ls  of an ecc e n tr ic a lly  s t i f fe n e d  
wide p la te  subject to a uniform compressive load through the 
neutral axis of the section. The dimensions are chosen so that  
the Euler buckling stress of the p la te  is  roughly equal to  the 
y ie ld  s tress . To reduce the size of the problem, only area ABEF 
is  analysed by assuming symmetrical along the centre l in e  of the 
p la t in g .  In practice the edges AB and EF would be constrained to  
remain on the surface of the p la te .  However i t  has been shown 
(R e f .24) tha t the in-p lane re s tra in t  has l i t t l e  e f fe c t  on the  
behaviour of such panels unless the b / t  r a t io  is  very high. The 
i n i t i a l  imperfections are assumed to  consist of a single o v e ra l l  
sine wave of amplitude 0.001L superimposed on a set of local sine 
waves of amplitude 0 .0 0 1 b (F ig .5 .1 7 ) . Again the same example was 
analysed by C r is f ie ld  (Ref.24) using the Rayle igh-R itz method and 
the f i n i t e  element form ulation. C r is f ie ld 's  f i n i t e  element 
formulation fa i le d  to converge a f te r  reaching the maximum 
lo a d (F ig .5 .1 8) because of computer ro u n d -o ff-e rro rs .  I t  may also  
be possible that using the modified Ilyushin y ie ld  c r i te r io n  fo r  
the s t i f fe n e r  results in  a more peaky load-shortening curve which 
in  turn makes the i t e r a t iv e  procedure more d i f f i c u l t  to converge. 
With the layered approach fo r the s t i f fe n e rs  and a rigorous  
automatic i te r a t iv e  procedure the present analysis is  able to  
fo llow  the load shortening curve successfully into  the post-
buckling range. The maximum load is  about 3% higher than that  
when using the R itz  method. This is  probably because of the 
coarse mesh (4 x 6) used.
5 .3 .3  Long s t if fe n e re d  panel under compression -  a comparison 
with experiment.
In  1974 an extended series of experimental tests  were 
carried  out by Horne and Naranyanan (R e fs .57,59) at Manchester 
Univers ity  on the u ltim ate load capacity of s t if fened  Steel  
panels subject to  end compression. The i n i t i a l  imperfections were 
imposed in  the tests  by dishing the panels in to  square sinusoidal 
patterns of nearly id en tic a l  amplitudes. 6 mm continuous f i l l e t  
welds were used between s t i f fe n e rs  and p la te s .  Residual stresses  
were then measured. Sizes of the specimens f e l l  into two groups. 
Group-one used stocky s t i f fe n e rs  so tha t buckling in  the p la te  
panels between s t i f fe n e rs  was expected to  occur f i r s t .  On the 
other hand, Group-two had more slender s t i f fe n e rs  
(th ickness/width r a t io  larger than 10) resu lt ing  in  a premature 
" s t i f fe n e r  f a i lu r e "  caused by tors ional buckling deformation of 
the outstand. The present analysis ignores any tors ional e f fe c t  
in  the s t i f fe n e r  and so a specimen (D 21) with stocky s t i f fe n e rs  
(th ickness/width ra t io  =6.67) was chosen fo r the a n a ly t ic a l /  
experimental comparison. The mesh and dimensions of the idea lised  
panel are shown in F ig .5 .21 .  The i n i t i a l  imperfections are 
assumed to  consist of a single overa ll  sine wave of amplitude
50p superimposed on a set of local "cheqer-board" sine waves of 
amplitude 6os ( F ig .5 .2 1 ) .  Welding residual stresses equal to  the 
averaged measured values are modelled in to  ana lys is . Two rows of 
pla te  elements adjacent to each of the s t i f fe n e rs  are used to  
represent the width of the residual te n s i le  zone which is
calculated according to  the to ta l  width of the p la te  using
equation 3 .29  in Chapter 3 .  S im ila r ly  the top layer in each of 
the s t i f f e n e r s ,  with a calculated thickness,, is used to  simulate  
the te n s i le  zone in  the s t i f f e n e r ,  (F ig .5 .2 1 ) .  In the tes t the 
specimen was loaded along the neutral axis of the section through 
hardened stee l pins attached to  the end p la te s .  The specimen was 
capable of s e lf -a d ju s t in g  through a spec ia lly  designed te s t  r ig  
to  ensure that the loading was acting along the correct ax is .
Test resu lts  showed th a t  the panel would res is t  loading up
to a maximum of 2685 KN, then sudden collapse of the panel took 
place followed by rapid unloading (F ig .5 .2 2 ) .  Analysis of the 
th e o re t ic a l  model using the present program follows the
experimental curve qu ite  closely in the pre-buckling range. Above
the Level of 2500 KN, loss of panel s t i f fn e s s  started to  take 
place and very small increments had to  be used to  achieve the 
required convergence. A fter reaching a maximum value of 2744 KN, 
the automatic i t e r a t iv e  procedure fa i le d  to  converge no matter 
how small any subsequent increment was taken. In th is  case
collapse of the panel was assumed to  have occured. The present 
i t e r a t iv e  method could not cope with th is  p a r t ic u la r  s i tu a t io n  
when very rapid unloading followed by sudden collapse of the 
structure  took p lace. This 'warrants fu rthe r  study. The
approximations in  the theory and input data can eas ily  account 
fo r the small d ifference (about 2%) between the predicted  
collapse load and the experimential maximum load. Although 
convergence was not achieved a t the assumed u ltim ate  load, the 
shape of the loading path predicted by the analysis indicated  
strongly that the estimate of the maximum point on the curve was 
atta ined  to  w ith in  very close bounds.
Loaded and unloaded 
edges simply supported
Appli ed loading Centre l ine
Centre l ineAspect r a t i o  r- = 0.875
I n i t i a l  out o f  plane deflect ion 
VI = 0.005b
2E = 206200N/mm 
Yield stress = 250N/mm^
Figure 5.1 Diagram o f  plate showing dimensions, f i n i t e  
element mesh and appl ied loading.
Stress
ra t io
C r is f ie ld
Present analysis
Harding
L i t t l e
Moxham
1.00.6 o .e 1. 2 1 . 6 1.8
- • Displacement ra t i o  d / d 1
Figure 5.2 Load-shortening curve fo r  simply supported plate 
under uniaxial compression ( b / t  =55).
Figure 5.3 Diagram showing can t i lever  plate subject to end ro ta t io n .
10
Curve A. Exact solut ionCurve B.8
6
4
2
0
Figure 5.4 Large deflect ion e la s t ic  analysis of a can t i leve r  p late 
subject to end ro ta t ion .
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0. Sabir and Lock
Results o f  the 14 
increments see 
table 5.1
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Figure 5.5 Hinged cy l ind r ic a l  shel l  with snap through.
Increment
number
Applied 
load 
(Pc KN)
Central 
d e f le c t i  on 
mm
No.of 
requi red 
i te ra t io n s
Sign of the 
determinant of 
the tangent 
s t if fn e s s  matrix
1 1.004 2.999 4 +
2 1.664 5.764 4 +
3 2.042 8.248 4 +
4 2.182 10.393 3 +
5 2.122 12.183 4 +
6 1.973 13.292 3 -
7 1.675 14.506 4 -
8 1.410 15.285 3 -
9 1.059 16.295 5 -
10 0.876 16.963 3 -
11 0.670 18.304 5 -
12 0.634 19.285 3 -
13 0.772 21.234 4 +
14 1.357 24.857 3 +
Table 5.1 Results fo r the Hinged C y lin d r ica l S h e ll .
\  240mm \v  ----
240mm
240mm
Figure 5.6 Box column dimensions
Centre l ine
No. o f  elementsl=48 
No. o f  nodes =63
Weld zone
Master node
Centre l i n e
Figure 5.7 F in i te  element model of  box column.
Centre l in e
Centre l in e
Ideal stress d is t r ib u t io n  
2
y ie ld = 245 N/mm
49
-43.5 -43.9 -44.7 -47.0
-46.3 -44.8 -45.8 -47.4
-49.0 -48.5 -53.1
-46.1239. 
V237Tj
244.8 W -54.3 243.9
^ 2 4 0
-50.2 -43.6
X24.4.5
239.8 243.4-47.3 244.7-54.1 238.1-52. -51.4
-48.8 -47.0 -48.0 -48.7
-46. -44.6 -45.8 -47.5
-44.9 -43.5 -44.5 -46.9
Section 1 Section 2 Section 3 Section 4
Figure 5.8 Stress d is t r ib u t io n  a f te r  thermal load applied 
(6 y ie ld  s tra ins) fo r  imperfection 6/D = 0.005.
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i ) Load level = 0.8
Area under 
p la s t ic  y ie ld
Load level = 0 . 9
. 14a Sequence showing deformed shape and y ie ld  pattern o f the 
box column. Without residual stresses ( fo r  imperfection 
level 8/D = 0.005).
« * p5
Load level
•  •  •  •
" T^ ~g~ r-
iv )  Load level 1.45  
Figure 5 .14a (continued). Without residual stresses.
1) Load level = 0 .8
Load level = 0 . 9
Figure 5.14e Deformed shape and 'y ie ld  pattern of the box column with  
residual stresses ( fo r  imperfection level /D = 0 .0 0 5 ) .
i i i ) Load level = 1.45
Figure 5 . 14b (continued). With residual stresses.
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I n i t i a l  de f lec t ion  
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Central de flec t ion  ra t io
Figure E.15 Analysis o f s t ru t  using 12 No. elements with 6 layers 
per element.
iL = 1200mm N.A.
Properties: E = 206800N/mm^, Yield stress = 350N/mm^, v = 0.3
Figure 5.16 ' Mesh and dimensions fo r  u n ia x ia l ly  compressed s t i f fe n e d  p la te
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Figure 5.17 I n i t i a l  imperfections fo r  the s t i f fe ned  plate
p/p,
IC r is f ie ld
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Figure 5.18 Analysis o f an eccentric  s t if fened  p late using 
coarse mesh.
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Figure 5.19 Mesh and dimensions o f pin ended 
s t i f fe ned  p la te .
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Figure 5.20 Section A-A showing idealized i n i t i a l  imperfections.
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Figure 5.21
Yield stress 
(p la te) = 243N/mnf
( s t i f fe n e r )  = 256N/mm‘ 
Residual stress
(p la te) = 77.0N/W
(s t i f fe n e r )  = 65.3N/mnf
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Max load 2744kN (present analysis)
Max load 2685kN (Horne and Narayanan experiment)
2500
2000
Rapid unloading
1500
1000
500
0
1086420
Axial shortening (mm)
Figure 5.22 Load shortening curve fo r  pin ended s t i f fe n e d  panel.

CHAPTER 6 
COLLAPSE ANALYSIS OF BOX GIRDERS.
6.1 In trod uction .
In sp ite  of the great deal of in te res t shown among 
researchers in  the sub ject, non-linear analysis of plated  
structures is  a t  present s t i l l  mainly re lated to r e la t iv e ly  
simple models, representing ind iv idual components of a complete 
s tru c tu re .  The present computer program which has been developed 
may be used to  model very complicated s tructu res , but in  practice  
the s ize of any problem which may be deal with is unfortunately  
re s tr ic te d  by the computing power a v a ila b le .  The u lt im ate  
behaviour of a complete plated s tructure  is  one of immense 
complexity thus a f u l l  exposition of a l l  aspects is  beyond the  
scope of the present work. What is  attempted in  th is  Chapter is  
the in ves tig a t io n  of the response of a box g irder web panel under 
loading and i t s  in te ra c t io n  with the other box components.
The deriva t io n  of an ultim ate load design procedure fo r  webs 
is  being recognised as the most d i f f i c u l t  feature  in the bridge  
standard BS5400 (R ef.3 6 ) .  This is  accounted fo r  by the fo llow ing  
f a c to r s : -
(1) The v a r ie t ie s  of loading condition encountered in  the plane 
of the web, including various combinations of bending, shear 
and longitud ina l forces.
(2) The post-buckling strength of a web panel is  g rea t ly  
re lated  to  i t s  boundary conditions. This is  specia lly  true  
with respect to the flange/web junctions where in te ra c t iv e  
buckling takes place.
(3) R ed is tr ibution  of longitudinal forces in the webs as the 
ultim ate  condition is approached, resulting  in  the 
shedding of longitudinal bending stresses from the web 
to  the flanges.
By using the complete p la te  assemblage program, i t  is  
possible to  set up a r e a l is t ic  model representing the web panels 
in  a r e a l - l i f e  s tru c tu re ,  in p a r t ic u la r  with regard to  the 
loading and boundary conditions. The present study is carried  out 
in  three main phases:-
Phase 1 presents resu lts  on the u ltim ate load behaviour of web 
panels without flange fa i lu r e  and a comparison to the s t i f fe n e d  
box web moment/shear in te ra c tio n  curve in BS5400.
Phase 2 includes flange fa i lu r e  and studies the in te ra c t iv e  
buckling of web and flange panels. The results  are then compared 
to  the BS5400 Clauses fo r  unstiffened box beams.
Phase 3 presents an analysis of a complete box g irder with  
s t i f fe n e rs  and flanges f u l l y  represented. The results are then 
compared to  the experimental data obtained at Imperial College.
6 .2  Background of BS5400 design rules fo r  web panel
Beams are c la s s if ie d  in  BS5400 into  two main categories,
( i )  beams without longitudinal s t i f fe n e rs  in e ith er  the web or 
f la n g e , and
( i i )  beams with longitudinal s t i f fe n e rs  in e ith er  the web or 
flange or both.
In  the f i r s t  category, web strength is estimated using 
te n s io n - f ie ld  theory due to Rockey et a l (R e l .9 6 ) .  Under the 
theory , the ultim ate strength of a web panel is calculated by 
assuming an advanced stage of shear deformation in  the web with  
the flanges p a r t ic ip a t in g  in a p la s t ic  hinge collapse mechanism. 
To s a t is fy  such a condition, the flange of the beam is assumed to  
be stocky and thus does not suffer from problems of p la te  
buckling. In the design ru les ,  a flange-web in te ra c tio n  formula 
has been arrived at a f te r  v e r i f ic a t io n  against extensive  
experimental data. In s t a b i l i t y  of flange plates has to  be checked 
separate ly .
For the second category of s t if fen ed  box g ird e r ,  a l l  web 
panels are in d iv id u a lly  checked fo r  th e i r  applied stresses.  
Ultimate strength of web panels are obtained from a parametric  
study of iso lated  plates by Harding (R e f .5 4 ) .  Harding's analysis  
is  based on an e la s to -p la s t ic  f i n i t e  d ifference model, taking  
in to  account i n i t i a l  imperfections and residual stresses. The 
d iffe rence  in basic assumptions between Harding's method and the
present f i n i t e  element method has already been discussed in  the 
Chapter 5 ( 5 . 2 . 1 ) .  Discrepancies due to d ifferences in
th e o re t ic a l  formulation of the two methods are expected to  be 
sm all. The main problem associated with re la t ing  Harding's  
iso la ted  p la te  results  to the behaviour and design of complete
plated structures is  the re la tionsh ip  between the loading and
boundary conditions assumed in  the analysis and those of the 
actual s tru c tu re .  In Harding's study, loading was applied by
means of proportional l inear  displacements, for instance, 
constant shear/bending s t r a in ,  throughout the collapse h is tory  of 
the panel. The top and bottom edges of the p la te  were e i th e r  
unrestrained with zero transverse boundary forces or restra ined  
with a specified boundary displacement. However the real loading 
in  the p ra c t ic a l  s itu a tio n  is usually associated with  
proportional load co n tro l ,  having shear forces and applied  
moments re la ted  to  the overa ll  geometry of the s truc tu re . The 
bending moment would have therefore increased l in e a r ly  over the 
length of the panel rather than constantly as assumed in
Harding's case. Furthermore the boundary conditions in  the real  
structure  are such that the web panels are e ith e r  attached to  
flange plates or separated from other web panels by longitud ina l  
s t i f f e n e r s .  Under such s itu a t io n s , re d is tr ib u t io n  of longitud ina l  
stresses as ultim ate condition is  approached may not be the same 
as in  Harding's model, and the ove ra ll  momemt/shear s tra in  r a t io  
on the web may not remain constant as assumed by Harding.
6 .3  Strength of web panels.
6 .3 .1  Redis tribution  of Longitudinal stresses.
Treatment of load-shedding is  one of the most important 
aspects in  web panel design (R e f .6 0 ) .  In order to understand the 
phenomenon b e tte r ,an  analysis is  carried out here on an I -s e c t io n  
member with dimensions as shown in  F ig . ( 6 .1 ) .  Both the flange and 
web plates have a low depth-to-thickness r a t io  so tha t  p la te  
buckling does not take p lace. The section is subject to  a 
combination of increasing moment and shear fo rce . F ig . (6 .1 )  also  
shows the results  of the ana lys is , in the form of v a r ia t io n s  in  
mean flange s tress , mean web shear s tress , maximum web 
longitud ina l s tress , with the shear s t ra in  in  the web. The shear 
s tra in  is  p lo tted  on the longitud ina l axis as a proportion of the 
shear s tra in  at y ie ld  and a l l  other q u a n tit ies  are p lo tted  as 
o rd inate . The lowest curve shows the extent to which the 
long itud ina l stresses in  the web decrease with increasing applied  
load and shear s t ra in .  The behaviour is  e la s t ic  up to  the load 
producing y ie ld .  I t  then indicates a considerable rate  of f a l l -  
o f f  in longitud ina l stress with increasing shear s t r a in ,  but the 
rate  of f a l l - o f f  decreases with fu r th e r  increase in shear s tress .  
Complete re d is tr ib u t io n  th e o re t ic a l ly  requires i n f i n i t e  shear 
s tra in  in  the web.
For p rac t ica l  reasons, i t  is  undesirable to proceed too f a r  
in to  large web deformations. A shear s t ra in  or bending s t r a in  in
the order of twice the y ie ld  s tra in  .is-' normally recognised as 
the design l im i t .  In th is  p a r t ic u la r  example, the maximum 
longitud ina l web stress at twice y ie ld  s tra in  has been reduced to  
about 64% of i ts  maximum value.
Plates whose slenderness d ic ta tes  that they w i l l  f a i l  by 
e la s to -p la s t ic  buckling w i l l  be discussed la te r  on.
6 .3 .2  Parametric study.
\
A number of panels with d i f fe re n t  aspect r a t io  and w id th -to -  
thickness r a t io  were used in  Harding's study. Parameters such as 
imperfection le v e ls ,  residual stress levels  and d i f fe r e n t  
re s t ra in t  conditions were included. A f u l l  range of resu lts  in  a 
forp of moment/shear in te rac tio n  curves were given (R e f .5 5 ) .  I t  
is  not intended here to carry out a parametric study of a s im ila r  
nature but instead to concentrate on one typ ica l panel with a 
bette r  representation in  both loading and boundary conditions of 
those occuring in  a real s tructure .
The panel chosen has an aspect r a t io  of 1.0 and w id th - to -  
thickness ra t io  of 120, representing the typ ica l panel in which 
e la s to -p la s t ic  buckling w i l l  occur. Loadings are imposed through 
the e la s t ic  beam element with a v e r t ic a l  point load applied a t  
the fre e  end. The length is  varied in  each analysis to  represent 
the change in moment/shear r a t io .  The top and bottom edges of the 
panel are joined by flange plates whose p las t ic  buckling  
behaviour > re  d e lib e ra te ly  suppressed. The flange plate  is  made
to be reasonably th in  so as to reduce any ro ta tiona l s t i f fn e s s  at  
the junc tion . A value of thickness/width ra t io  of 0.005 was 
employed as the maximum magnitude of the assumed sinusoidal panel 
d is to r t io n .  An i n i t i a l  mode of one h a lf  sine-wave was used. To 
fu r th e r  s im plify  the problem, residual welding stresses were not 
included in the study. Dimensions of the panel and loading 
conditions are shown in  F ig . ( 6 .2 ) .
6 .3 .3  Panel behaviour and moment/shear in te ra c t io n .
Eight sets of results  of moment/shear ra t io  varying from 130 
to  2500 are generated using the present computer program. The 
shear behaviour and flexible, response are presented in a form of 
s tre s s -s tra in  curve which could be used la te r  fo r design 
checking. In the case of shear, the average web shear stress is  
p lo tted  against shear s t r a in ,  both non-dimensionalised, with the 
values required to  produce y ie ld .  In the case of bending, the 
s itu a t io n  is more complicated, since the loading is  re la ted  to  
the o ve ra ll  geometry of the structure and the applied moments are  
res isted  by both web and flanges. The web bending moments from 
which the maximum web bending stresses are derived are obtained 
by subtracting the average flange moment from the overa ll  moment 
a t the mid-section. The bending curvature is  measured as the 
actual ro ta tion  of the panel at the mid-section. F in a l ly ,  the 
averaged shear s tra in  over the length of the panel is taken as 
the d iffe rence  of the to ta l  ro ta tion  and the measured bending 
curvature at the m id-section. F ig . ( 6 .2 ) .  F ig . (6 .3 )  to F ig . (6 .10 )
show the s tre s s -s tra in  curves fo r the eight loading cases. 
E ffec t ive  web maximum bending stresses are p lotted  alongside the 
e f fe c t iv e  web shear stresses.
The results  show that in  genera l, fo r e ith er  shear or 
bending loading to  dominate, an increase in  e ith e r  loading would 
reduce the strength of the web with respect to  the other. Since 
the flange plates remain e la s t ic a l ly  unbuckled throughout the 
ana lys is , web shear s tre s s -s tra in  curves are able to maintain a 
r is in g  c h a ra c te r is t ic  in a l l  cases. The shear s tre s s -s tra in  
curves appear to be smoother when bending is  dominant.
In  the range of large moment/shear r a t io  (between 1300 and 
2500) shear stresses are p lotted  against the curvature rather  
than the less obvious shear s t ra in .  In  th is  case, the average web 
shear-'strain curves a l l  appear to be very close to a s tra ig h t  
l in e .  This is  not a t  a l l  surprising because the bending s t ra in  
, i n  f a c t ,  re f le c ts  the flexible, behaviour of flanges which in our 
case are assumed to  behave l in e a r ly .
E ffec t ive  web maximum bending stresses are p lo tted  alongside 
the shear stresses fo r  each case of loading. The curves ind ica te  
the occurrence of load-shedding with respect to the long itud ina l  
stresses as the web panel approaches the u ltim ate  condition. The 
average amount of load-shedding is  around 40% of i t s  maximum 
value at twice y ie ld  s tra in  over the range of low moment/ shear 
ra t io  and gradually reduces when the r a t io  increases. According 
to  BS5400, th is  p a r t ic u la r  web' would be designed as an outer
panel and no load-shedding would therefore be allowed. As 
pointed out by Horne (R e f.60) in panels of square aspect r a t io ,  
there is  l i t t l e  d ifference in behaviour with respect to  load­
shedding between panels with restrained and unrestrained  
boundaries. This is  because fo r  a square panel, tension f i e l d  
action can s t i l l  take place between the two v e r t ic a l  edges which 
are constrained to remain s tra ig h t .  The phenomenon would be Less 
apparent in panels with other aspect ra t io s .  The la te r  resu lts  
(F ig .6 .3  to F ig .6 .10) are given as flange-web moment r a t io  and 
bending-shear s tra in  ratfio p lotted against th e i r  corresponding 
e f fe c t iv e  s tra in  values. In a l l  cases the flange-web moment r a t io  
remains constant u n t i l  the commencement of p las tic -buck ling  and 
increases th e re a f te r .  Such an increase again s ig n if ie s  the onset 
of load-shedding in  the s tructure . I t  is  also in te re s tin g  to  see 
how the bending/shear s tra in  r a t io  varies  as p la s t ic  buckling  
pursues, in contrast with Harding's constantly applied s t ra in  
r a t io .
F in a l ly ,  moment/shear in te rac tio n  fo r  the web panel under 
study is given as curve B in F ig . ( 6 .1 1 ) .  Basically  i t  shows the 
re la t io n sh ip  between the shear stress and the co-existing d ire c t  
bending s tress. L im iting values of twice the shear or d ire c t  
y ie ld  s tra in  value are taken fo r reasons already discussed. Curve 
C represents Harding's resu lt  using a panel with the same 
dimensions and same i n i t i a l  imperfections. Curve A is ca lculated  
according to BS5400 Section 6 for web panels with longitud ina l  
s t i f fe n e r s .  In the calcu lation  the boundary is taken as
unrestra ined, thus no load-shedding is  allowed. Despite 
d ifferences in assumptions of applied loading and boundary 
conditions, results from the present work are in close agreement 
with Harding's re s u lts .  Most of the disagreement appears to  be in  
the range of low moment/shear ra t io s .  This is  probably due to the 
d i f fe r e n t  approach adopted in accounting for load shedding 
because of the d i f fe re n t  boundary conditions assumed. The present 
analysis may produce s l ig h t ly  lower web strength i f  residual 
stresses are to be included. Both the present results and the 
resu lts  of Harding f a l l  on the safe side of those predicted by 
BS5400.
6 .4  In te ra c t iv e  buckling in  flange and web panels of unstiffened  
box g ird e r .
6 . 4 . 1 .  Parametric study.
The second phase of the present study is to introduce 
r e a l is t i c  flange plates to the top and bottom edges of the web 
panel to  form a complete unstiffened box g ird e r .  The flange p la te  
has a width/thickness r a t io  of 60 and in te ra c t iv e  p la s t ic  
buckling with the web panel is  expected to  occur at some stage 
during the loading h is to ry .  Dimensions and d e ta i ls  of the box 
section are shown in F ig . (6 .1 2 ) .  Here welding stresses are  
included in the analysis and are set at a level of 0.1 times the 
y ie ld  s tress . Using the method described as in Section 3 . 4 ,  the 
te n s i le  residual stress zones are represented by 2 layers of 
f i n i t e  elements a t  the junctions of the section. I n i t i a l  o u t-o f­
plane deflections are generated using a single sine wave function  
in  each d ire c t io n .  The magnitude of the wave is set at 0.005  
times the panel dimension, inwards in the web and outwards in  the 
flange p la te .  Loadings of combined bending and shear are imposed 
as before by means of the e la s t ic  beam element having a v e r t ic a l  
point load a t the free  end.
S im ilar work had been carried out concurrently by Frieze  
(R e f .46) a t  Imperial College. Stress s tra in  curves fo r  eleven  
sections were produced using a f i n i t e  d ifference formulation  
s im ila r  to that used by Harding. In order to  save computing 
e f f o r t .  Frieze used I l y u s h i n 's  f u l l  section y ie ld  c r i te r io n  
instead of the o r ig in a l m u lti- layered  representation. Loadings 
were applied by means of constant s t ra in  r a t io  in  a way s im ila r  
to  that used by Harding on his iso la ted  p la te  panel.
Results of the present study w i l l  be used as an independent 
check against F r ieze 's  re s u lts .  Flange/web in te ra c tio n  curves are  
p lo tted  and compared to  the BS5400 unstiffened beam in te ra c t io n  
formula which was derived basing on Rockey's tension f i e l d  
theory.
6 .4 .2  Box behaviour and moment/shear in te ra c t io n .
Five sets of results of d i f fe re n t  moment/shear ra t io  varying  
from 343 to 1200 are obtained using the computer program. To 
represent the shear response, the average web shear stresses are
plotted  against shear s t r a in ,  both non-dimensionalised, with 
th e ir  corresponding values to produce y ie ld .  For the f le x u ra l  
response, overa ll  bending moments are p lotted  against curvatures, 
again non-dimensionalised, with respect to th e ir  y ie ld  va lue. The 
flange/web moment r a t io  is  also presented to ind icate  the degree 
of load shedding which might have taken place during the loading 
process.
Figure 6.13 shows the shear s tre s s -s tra in  curve fo r  the box 
section under loading of* moment/shear =343. The results  are in  
good agreement with those obtained by Frieze .
In the range of comparatively low moment/shear r a t io ,  the 
s tre s s -s tra in  curves appear to be qu ite  smooth with a s l ig h t  
continuous f a l l  in pure shear capacity which indicates a 
reduction in the shear buckling stress of the web. The p lo t of 
flange-web moment r a t io  in  F ig .6 . 14a shows that the web is  qu ite  
capable of maintaining i t s  bending strength a f te r  reaching 
maximum load, although the ra t io  jumped from 5 .9  to 8 .0  in the 
presence of flange buckling. When moment/shear ra t io  increases,  
i t  can be seen in  F ig .6 . 16a, 6 .19a , 6 .22a , 6.23a that there is  a 
drop in  flange moment due to  sudden flange buckling. The web 
bending strength continues to  decrease as the curvature increases  
-  an ind ication  of shedding of longitudinal stresses taking  
place. In the design rules fo r unstiffened box g ird e rs ,  the 
strength of flanges are considered not to have provided enough 
constraints in the flange web boundary, therefore load-shedding
of longitud ina l stresses from web to  flange is not allowed. 
Results obtained here however show a certa in  amount o f  
re d is t r ib u t io n ,  probably due to tension f i e l d  action in  a square 
pa ne I .
Comparing the results  in  general with the results  obtained 
in  the previous Section, the e f fe c t  of flange buckling on the web 
panel is  obvious. Stress s tra in  curves here a l l  appear to be much 
more "peaky" and in  most cases show a continuous f a l l  in strength  
as opposed to  the r is in g  c h a ra c te r is t ic  in  the case of the 
iso la ted  web panel. A l l  flange-web moment ra t io  curves ind icate  a 
sudden change in  the region where flange buckling takes p lace.
Four c r i t i c a l  curves are given in  F ig .6 .24 in which 
e f fe c t iv e  shear stresses are p lotted  against the corresponding 
moment/shear r a t io .  Curved) was generated using the web 
design procedures fo r  a s t if fened  box g ird e r .  The curve consists  
of two parts: curve DE based on web moment/shear in te ra c t io n
formula, and l in e  EF representing the l im it in g  compressive 
strength of the flange p la te .
Curve(2) follows the unstiffened box design procedures, with AB 
representing maximum shear strength; BC representing the f lan g e -  
web in te ra c t io n  formula and CF the maximum flange buckling 
capacity . D eta ils  of the calculations according to BS5400 are 
given in  the Appendix.
Curve(3) shows the present analysis results  using shear and
moment values corresponding to the s tra in  at twice the y ie ld  
value.
Curve(4); same as curve(3) except maximum c r i t i c a l  values are 
used.
Results obtained from the present numerical study generally  
f a l l  on the safe side of the design curve. Curve(3) in fa c t  runs 
very close alongside the unstiffened box design curve 
p a r t ic u la r ly  in the region where moment/shear ra t io  exceeds 500.
As expected, the s t if fe n e d  web formula gives very
conservative values when applied to  the unstiffened box.
6 .5  Collapse analysis of complete s t if fe n e d  box g ird e r .
6 .5 .1  Experiments a t  Imperial College.
Extensive tests  up to  collapse were conducted a t Imperial  
College in  the ear ly  1970s on s t if fe n e d  s tee l box g ird e rs .  The 
f i r s t  series of large scale experiments involved the tes t in g  of 
eight box g ird e rs .  The experiments were carried out fo r  the
Department of Transport t o : -
(a) study the behaviour up to collapse;
(b) study the in te ra c t io n  between ind iv idua l components;
(c) provide data fo r  simple design ru les;
(d) provide s u f f ic ie n t  data to carry out comparison with
a n a ly t ic a l  studies.
The models may be divided broadly in to  two groups: one where 
f a i lu r e  is  dominated by collapse of the f lan g e , and the other in
which web collapse is  dominating. Test procedures and o v e ra ll
behaviour of the box girders were reported in  great d e ta i l  
(Ref.3 2 ,3 3 ,4 1 ) .
Among the eight specimens, model 5 (R e f .14,38) was used to  
study the behaviour of s t if fe n e d  web panels in  the region of an 
intermediate support of a continuous g irder and is  chosen here 
fo r  comparison with res is ts  obtained in  the present study. The
dimensions and properties of ind iv idual components were set to
i n i t i a t e  web buckling p r io r  to collapse.
The tes t model scaled down to  approximately a quarter of an
' «
actual support section of a box g ird e r .  The 16 f t .  span was sub­
divided in to  six equal bays by two cross-frames and an end r in g -  
s t i f fe n e r  placed symmetrically on e ith e r  side of a cen tra l
diaphragm (F ig .6 .2 5 ) .  A central point load was applied a t  the
diaphragm of the simply-supported s tru c tu re , F ig .6 .2 6 .
6 .5 .2  Assumptions and idea lised  model.
6 .5 .2 .1  Basic model.
To avoid using an excessive number of elements, only the 
central section of the box g irder was modelled in  the f i n i t e
element mesh. The rest of the g irder away from the highly
stressed region was represented by e la s t ic  beam elements as shown 
in  F ig .6 .2 7 .  Taking advantage of symmetry in both d ire c t io n s ,  
only one quarter of the complete box was analysed. Consequently, 
complete symmetry including i n i t i a l  imperfections and residual  
stress d is t r ib u t io n  have to be assumed, although some va r ia t io n s  
were reported in  the previously mentioned tes t  model.
Tab le (6 .1 )  shows the values of the nominal p late  thickness,  
y ie ld  stress and modulus of e la s t ic i t y  of each component which
were measured p r io r  to the experiment. The average values were
used in  the present analysis .
6 .5 .2 .2  Out-of-plane imperfections.
I t  is  not possible to reproduce id e n t ic a l  imperfections  
measured in  the experiment, therefore sinusodial imperfection  
values close to  the average values are used in  the present
ana lys is . The flange plates are modelled by a coarse mesh where 
imperfections are represented only by an overa ll  buckling mode.
Imperfections in  web panels are modelled in  more d e t a i l .  These
were imposed in  the form of an overa ll  buckling mode of maximum 
value = 0.0011 and local 1chequer-board* modes of 0.0051 maximum 
value between s t i f fe n e rs .  The imperfection amplitude values  
increased by about 1 /3  of th e ir  o r ig in a l  values a f te r  the thermal 
residual stresses were applied. The maximum imperfection in  the 
compression flange increased from 0.04 inch to 0.061 inch 
compared to  a measured value of 0.055 inch. In the web p la te ,  the 
maximum imperfection increased from 0.045 inch to 0.061 inch
compared to  a measured value of 0.05 inch. F ig .6.31 gives a view 
of imperfections used in  the box model and F ig .6 .28  shows some 
comparisons with the measured imperfections of the web panel.
6 .5 .2 .3  Residual stresses due to welding.
A residual stress level of 10% y ie ld  stress is  imposed on 
the f i n i t e  element section. In the web-flange junctions, te n s i le  
stress zones are f u l ly  represented using methods already  
described in  Chapter 3(Section 3 . 4 ) .  Using the same method to  
model welding in  the s t i f f e n e r -p la te  junctions results  in  an 
undesirably f ine  mesh. A s im p lif ie d  model using equivalent weld 
area and e f fe c t iv e  width was f i r s t  used by Horne and Narayanan 
(R e f .58) in  th e ir  numerical analysis of s t if fe n e d  p la t in g .  In  
th a t  method, the to ta l  heat-affected-zone (including area in  
p la te  and area in  s t i f fe n e r )  was modelled as a concentrated area 
at the s t i f f e n e r -p la te  junc tion . (F ig .6 .2 9 ) .  Dimensions of the 
p la t ing  had to  be reduced s l ig h t ly  to maintain the same to ta l  
sectional area but at the same time the width/thickness r a t io  was 
kept constant so that the overa ll  ax ia l and bending response of 
the section remained unaltered. By adopting th is  method in  the 
present f i n i t e  element model, the equivalent concentrated weld 
area can be represented by just one layer of the s t i f fe n e r  and 
therefore  no extra weld element is  required. A view on the box 
girder showing the idealised residual stress d is t r ib u t io n  is  
given in  F ig .6 .3 1 .
In the experiment, s t ra in  gauges were used to  measure 
residual stra ins caused by welding at d i f fe re n t  stages during the 
fa b r ic a t io n  process. Only values at se lec tive  points along the  
p la ting  were recorded and they are shown in  F ig .6 .30  together 
with the idealised  stress d is t r ib u t io n .
6 .5 .3  Comparison of th eo re t ic a l  and experimental resu lts .
Figure 6 .39  gives load -deflec tion  curves showing support 
reactions on the v e r t ic a l  axis and central deflections on the  
horizonta l ax is . Curve (1) was obtained using a f i n i t e  element
model of 120 elements and without considering the e f fe c t  of
residual welding stresses. The maximum load predicted was about 
15% higher than the experimental value. Further analysis was then 
carried  out with a model of s l ig h t ly  f in e r  fnesn and a 10% level  
of residual stresses was included. The maximum c r i t i c a l  load is
lower than the previous one but s t i l l  about 11% higher than the
experimental results  and a steeper unloading curve was 
noticeable .
Figure 6.33 gives d e ta i ls  of shear stresses across the  
middle section of the web panel in the e la s t ic  region (a t  a load 
of 20 tons) and a t  the experimentally-observed collapse load (28 
to n s ).  A l l  the experimental values fo r  stresses were calcu lated  
(R e f .38) from the measured s tra ins  using the s t re s s -s t ra in  
re la tionsh ips  with E =13200 Ton/sq.inch. Where the stresses  
exceed the y ie ld  stress of the m a te r ia l ,  nominal stresses were
calculated as i f  the m ateria l remains e la s t ic ,  to ind icate  the 
r e la t iv e  s tra in  le v e l .  The an a ly t ica l  values, however, remained 
on the y ie ld  surface. Hence some discrepanies are expected in  the 
comparison.
Figure 6 .34  shows longitudinal stresses across the same 
section in the web, again at loads of 20 tons and 28 tons. The 
experimental results  give a f a i r l y  l inear  d is t r ib u t io n  of 
long itud ina l stresses while d is t r ib u t io n  in  the f i n i t e  element 
model shows a more ir re g u la r  shape apparently owing to  the 
e f fe c ts  of te n s i le  residual stress a t  the s t i f fe n e r  junctions.
Figure 6 .35 and 6.36 show, at two stages, the growth of out-  
of-p lane moments and development of the y ie ld  pattern  predicted  
by the computer program. At the maximum load of 31.5 tons, Fig. 
6 .3 5 ,  y ie ld ing  has been heavily developed but mainly confined to  
the lower web panel. Observation of out-of-p lane movements shows 
diagonal tension f ie ld  action is  taking place in the lower web 
panel. F ig .6.36 shows the s itu a tio n  at a la te r  stage (centre  
d e flec t io n  = 0.67 in ch ).  Yielding has extended to  the e n t ire  area 
of the web panel and some part of the compression f lange.  
Pronounced p la s t ic  buckling is  observed across the lower region 
of the e n t ire  web. Simultaneous buckling of the centre s t i f fe n e r  
also occurred as expected. Unfortunately , no d e ta i ls  of y ie ld  
development were recorded in  the te s t .
The load de f lec t ion  curve , Figure 6 .3 2 ,  shows that the 
o vera ll  box s t i f fn e s s  is  exactly reproduced (c f .  experimental
data) in the l in e a r  part of the ana lys is . But note that the post 
buckling strength of the th eo re t ic a l  model under the app lication  
of combined bending andl shear loadings is  somewhat higher than 
tha t in  the actual box girder as found in  the experiment. As 
shown in  Fig. 6 .28  and 6 .3 0 ,  the i n i t i a l  out-of-p lane  
imperfections and welding residual stresses were closely  
reproduced in  the f i n i t e  element model. Effects due the th e ir  
var ia t io n s  are expected to  be small. Fig. 6.33 and 6.34 show good 
co rre la t io n  of stresses between a n a ly t ic a l  and experimental 
values in  the e la s t ic  range. A s t r ic t  comparison cannot be 
carried  out in  the p la s t ic  range at 28 tons or above, because of 
the d i f fe re n t  methods of a rr iv in g  a t  the "nominal" stresses.
The major reason causing discrepancies in  the maximum 
strength is believed to  be in  the use of the e la s t ic  beam 
element. Only the central section of the 3-bay box g irder is  
modelled in  the f i n i t e  element mesh and the other two sections 
are represented by e la s t ic  beam elements. The overa ll  behaviour 
of the s tructure  in the non-linear region w i l l  therefore  be 
somewhat a ffected  by the e la s t ic  response of bay 1 and bay 2 .  *
The experimental resu lt  (R e f .38) shows th a t  buckling did  
occur in  section 2 of the area next to  the middle panel as the 
maximum load was approached. Furthermore the e la s t ic  s tra ig h t  
boundary at the end of the e la s t ic  beam e f fe c t iv e ly  prevents any 
p late  deformation at the ju n c t io n , and out-of-p lane buckling of 
the ring s t i f fe n e r  thus increasing the u ltim ate strength of the
box g ird e r .
6 .5 .4  Box section under d i f fe re n t  moment/shear ra t io s .
The above f i n i t e  element model can be used to  represent a 
typ ica l  s t if fen ed  box section subject to loadings of combined 
moment and shear. The moment/shear ra t io  experienced at the 
centre l ine  of the box section equals the length of the e la s t ic  
beam element plus h a lf  the length of the section. A large-sca le  
parametric study in to  s t if fen ed  box g irders is  beyond the scope 
of the present study and would fu r th e r  be found to  be expensive 
to carry out in terms of computing e f f o r t .  Only two more sets of 
results  of the box g irder under d i f fe re n t  moment/shear r a t io  were 
obtained and are given herein F ig .6 .3 7 .  The model used in  these 
analyses have the same out-of-p lane imperfections and residual 
stresses as that described in  6 .5 .2 .
The resu lts  show general loss of u ltim ate strength in the 
box section when the ra t io  of bending moment to  shear force  
increases. Curved) gives resu lts  from the present analysis with  
respect to  a box section under a moment/shear r a t io  of 7 7 .5 .  The 
maximum collapse Load is  31.5 tons. In the second curve the 
maximum collapse load is  reduced to  25.7 tons under a 
moment/shear r a t io  of 108 .5 . In the th ird  curve the maximum 
collapse load is  fu rther  reduced to  17 tons as the o ve ra ll  
moment/shear r a t io  rises to 170 .5 .
St
re
ss
 
ra
ti
o
240mm
Applied load
Dimensions and mesh
240 x 20mm
10mm th.240
Section
1.0
Mean shear stress ra t io  7 / r (
0.8
0.6
Mean flange longitudinal stress r a t io
0 .4
Max. web longitudinal stress r a t io  °wi>y6r
0.2
0.0
52 3 40
Shear s tra in  r a t io  y r 0
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Figure 6.18 Web average shear stress -  shear s tra in  curve 
fo r  M/V = 600. Box beam.
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Figure 6.19 Moment - Curvature curve for M/V = 800. Box beam.
0.
0.
1.00.50.0
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Figure 6.21 Web average shear stress - shear s tra in  curve 
fo r  M/V = 1200. Box beam-
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Figure 6.24 C r i t ic a l  shear stress Vs. Moment/shear ra t io .  
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Figure 6-25 Plan of the experimental model. Stiffened box girder,
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Figure 6.26 Elevation o f the experimental model. S tif fened  box g ird e r
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Figure 6.27 The central section used fo r  f i n i t e  element model. 
S tiffened box g irde r.
-50
0.
50J_
100_
x 10~3in 
Scale
Compression £ 
flange
S t i f fe n e r
. —  ---------- -
— \
S t i f fe n e r  _
V —
\  ^ ----6
^ ----- --------^
Tension ,
flange
Measured long itud ina l p ro f i le s  o f  North web. 
Imperfections impos ed on the idea lised model
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North web
Compression flange
.............i ............ n i i
/  _
Longitudinal
s t i f fe n e rs
■
i i i i
Tension flange
Cross section o f te s t  model
South web
Component Nominal
size
( in )
Measured
thickness
( in )
Yield
stress
(T / in 2)
Modulus o f 
e la s t ic i t y  
(Ton/in2)
Compression
flange
5/16 .321 17.2 13400
Tension
flange
5/16 .320 17.0 13420
North web 1/8 .124 14.8 13190
South web 1/8 .125 15.4 13330
Longitudinal 
flange s t i f fe n e r
2x1/ 4 f t 18.7 13360
Longitudinal 
web s t i f fe n e r
1/2x1/ 4 f t 19.2 13490
Table 6.1 Properties o f the-components fo r  the box g ird e r .

CHAPTER 7 .  
CONCLUSIONS AND FURTHER WORK.
.1 .  F in ite  element formulations and computer procedures have 
been presented fo r  the large deflection  e la s to -p la s t ic  
analysis of s t if fen ed  p la te  structures. A non-linear p late  
assemblage computer program ASPS (R e f .105) based on a program 
by Puthli (R e f .90) is  developed to  accomodate the follow ing  
features:
(a) A non-linear hybrid s t if fe n e d  p la te  element with the 
p la t in g  formulated by an approximate f u l l  section y ie ld  
function and the s t i f fe n e rs  treated  in  a m u lt i - la y e r  
approach.
(b) F a c i l i t ie s  to  trace h istory  of thermal loading during 
the process of welding so that the e ffec ts  of residual 
stresses as well as geometric imperfections can be 
f u l l y  accounted fo r .
(c) A robust automatic in c re m e n ta l / i te ra t iv e  procedure 
using e ith e r  prescribed displacement or Riks' f ix in g  
length approach. As a resu lt  the behaviour of the 
structure can be followed fa r  in to  the postbuckling  
range of an analysis.
(d) E las t ic  beam elements with m u lti-p o in t contraint ends
to represent remote parts of the structure so that a 
great va r ie ty  of loading combinations can be imposed 
onto the s tructu re .
7 .2 .  The v e r s a t i l i t y  of th is  computer program is v e r i f ie d  by
a wide spectrum of applications and examples :
(a) Results of the analysis of a simply-supported p la te
under un iax ia l compression are in good agreement with 
other a n a ly t ic a l  solutions by L i t t l e ,  Moxham and
Harding. S im ilar loading is  applied to  a six layered
s t i f fe n e r  and the resu lts  agree well with those 
obtained from the Rayle igh-R itz method.
(b) The adoption of a reduced in teg ra tio n  scheme in  an
analysis of a can ti lever  p la te  subject to end ro ta tio n  
leads to  substantia l reduction in  e rror by element 
" s e l f -s t ra in in g " .
(c ) A hinged e la s t ic  c y l in d r ic a l  she ll under a v e r t ic a l
point load i l lu s t r a te s  the capab ilites  of the automatic 
in c re m e n ta l / i te ra t iv e  procedure to pass through l im i t  
points.
(d) Analysis of a coarse mesh e c c en tr ica lly  s t if fen ed  wide 
p late  gives reasonable agreement with results using a 
more rigorous R itz  method; the maximum load of the
present analysis agreed to  w ith in  about 3 %.
(e) Results from a d e ta iled  computer model of a long 
s t if fe n e d  panel, including e ffe c ts  of geometric
imperfections and welding residual stresses, show close 
agreement with experimental data. The predicted
strength of the panel is  w ith in  2 % of the strength of 
the experimental model.
,3. The theory has been applied to  an unstiffened box column 
in  order to study the e f fe c t  of imperfections. I t  is  found 
th a t  both the i n i t i a l  geometric imperfections and welding  
residual stresses have a pronounced e f fe c t  on the u lt im ate  
load behaviour of structures whose fa i lu r e s  are primarly due 
to compression. Results show a 7 to 19 % reduction in  peak
strength due to  the presence of residual stresses of the
order of 10% y ie ld  s tress .
4 .  A study is made of the strength of box g ird e rs ,  focusing  
on web panels and th e i r  in te ra c tio n  with other components 
under combined moment and shear force loading. Special beam 
elements are used to  represent those parts of the s tructu re  
whose behaviour is  assumed to  be e la s t ic .
5 . Results of a study on a square web panel under loadings 
of d i f fe re n t  moment/shear r a t io  confirm previous data 
generated by Harding in  which s im p lif ied  loading and boundary 
conditions were assumed. The BS5400 bending/shear in te ra c t io n  
formula for th is  particula 'r web panel appears to  be very
conservative when compared with results generated from the 
present study.
6.. A parametric study of in te ra c t iv e  buckling between the
flange p la te  and web panel of an unstiffened box g irder has 
been presented. Results show that the overa ll postbuckling 
strength of the section is  weakened by flange plate  buckling 
as the moment/shear ra t io  increases. The results also confirm 
the unstiffened box flange/web in te ra c tio n  equation of BS5400 
which was based on Rockey's tension f ie ld  theory.
7 .  Results from analyses of web panels and unstiffened box
sections conclude that s ig n if ic a n t  amounts of re d is tr ib u t io n  
of longitudinal stresses do take place in square web panels. 
In  th is  case the BS5400 Design Rules are over-conservative in  
assuming no load shedding fo r  webs in  unstiffened box g irders  
or outer panels in  s t if fen ed  sections.
8 . Results from analysing a complete s t if fened  box g irder  
have been presented and compared to  experimental data. The 
pre-buckling s t if fn e s s  of the section and the stress  
d is tr ib u t io n s  in the web panel show good agreement. The 
predicted ultim ate strength of the section is  w ith in  5% of 
the strength of the experimental model although the peak
strength is some 11% higher due to the l in e a r  id e a l iz a t io n  
assumed in part of the a n a ly t ica l  model. Results nevertheless  
confirm the s tab lis ing  effe.ct of the longitudinal s t i f fe n e r
on the strength of the s t if fen ed  web panel.
9 .  In general, one can safe ly  conclude that the proposed 
a n a ly t ic a l  procedure is  capable of predicting successfully  
the collapse strength of s t if fe n e d  p la te  structures with 
reasonable accuracy. The studies on web panel in teractions  
have contributed towards our understanding of the ultim ate  
load behaviour of box g irders . I t  also clears up a number of 
important issues in  the BS5400 Design Rules.
10. FUTURE WORK.
In the present theory s t i f fe n e rs  are modelled as beam 
element which take in to  account of in-plane ax ia l and bending 
deformation, but constrain out-of-p lane deformationst As a 
r e s u l t ,  possible tors ional buckling due to s t i f fe n e r  local 
in s t a b i l i t y  is ignored. A possible extension of the ex is tin g  
work therefore  would be to model both p la ting  and s t i f fe n e rs  
as p la te  elements which could account for both in-p lane  
buckling (formulating in-p lane geometric s t i f fn e s s  m atrix ) as 
w ell as the present la te ra l  buckling (out-o f-p lane geometric 
s t if fn e s s  m a tr ix ) .  The in-p lane tors ional ( t r ip p in g )  buckling  
behaviour of s t if fen ed  panels can then be f u l l y  assessed.
The present 4-noded rectangular p late  element may well 
be replaced by some more general t r ia n g u la r  or quadri lateral 
she ll  element so that i t  would be capable of analysing
plating  of ir re g u la r  dimensions.
With respect to the study of box g ird e rs ,  as computing 
costs are getting  less expensive, more extensive parametric  
studies could be carried  out on in te rac tions  between 
components -  webs, f langes, diaphragms and s t i f fe n e r s .
In a broader sense, research using the present technique 
could be extended to other areas of plated s tructure  such as 
offshore/marine plated construction, or ship h u ll  sections in  
which non-linear collapse behaviours are of in te re s t .

APPENDIX -  CALCULATION OF CRITICAL LOAD OF WEB PANELS ACCORDING 
TO BS 5400, DRAFT, JULY 1979.
The maximun safe Load of a web panel with aspect r a t io  = 1 .0 ,  
flange width/thickness = 60 and web width/thickness = 120 is
estimated by :
(1) using clauses in section B5 of BS5400 -  Design of beams 
without longitudinal s t i f fe n e r s ,
(2) using section B6 -  Design of beams with longitud ina l  
s t i f fe n e r s .  In both cases, a l l  of the safety factors  are
taken to  be equal to 1 .0
SECTION PROPERTIES
t
N
\
2 4 0
\
2 4 0
j >
LOADING -  combined bending and shear,
moment/shear r a t io  = R
/
/
/
load
BOX
S E C T I O N
e las t ic  beam
DESIGN PARAMETER CLAUSES
For h a lf  of a box,
Y ie ld  stress =  245  N /m m 2
Shear y ie ld  stress =  2 4 5 /^ 7 3  s= 141 .45  N/mm2
Moment of in t e r ia ,  I x x  =  2 X 240 X 4X  1 2 0 2 +  X2
=  3.226 X 107mm4
I YY =  2 X 240X 120ZX 2 3 X 2
=  2.304 X 107mm4
Area =  2880m m 2
(  B 3.2 e )
The slenderness parameter, a =  — Jr*w
*f ^ 3 5 5
_  240  1245
4 ^[355
— 50
and considering the panel as unrestrained,  
from Fig. B 3 .1 ,  Sc =  °-57
Slenderness parameter, \ £T
XL r  =  2.25 not J SZ* C (e,
ryb
where
_  4 / l0J _  4 X 2404__________
“  B/ ,  ~  2 X 210+ 2 X 240
( B 42 )
|  Fig. B 3 .l)
E f fe c t i iv e  web thickness
68 '"Vf!r = 68X2 2^5 = 1637
yc =  y  x  240 =  120 <  163.7 , therefore t w e =  2.0 
Compression flange c o e f f ic ie n t ,  sc
=  3 .6 8 6  X 107
a -  J  I * ' — ! *
i  J x "” 0*385k
V ( 3.226 — 2-304) X 10 7__________3 .226X 10 7— 0.308 X 3 .686X 107
— 0-845
•S =  =  1 Bnd ZxC =  2 .688 X 10s
Therfore ,
 ..................   I 2 -688 X 105X 240 X 0 .8
y LT =  2 .2 5  X 1 X 0 .845 y  288-6 x  640 X 8 9 7^ ---------- .
=  3 9 .2
Lim iting  compression s tress , QbL
a  ■= Sc X 245 X 
=  0 .5 7  X 2 45  
=  1 39 .65
= 39-2X ^  = 24-6
°bLFig. B 4 .3  gives --------- ~  1 -0
°y c
Therefore t o b L =  i 39_6s
( 1 ) .  MAXIMUM SAFE LOAD USING B.5 -  DESIGN AS BEAM WITHOUT 
LONGITUDINAL STIFFENERS.
Considering h a lf  of the section:
Bending Capacity
E las t ic  modulus of section
1 .61 3X 10 7 w
ZXC =  120 =  1- 344X 10
Therefore,
—  Z x c X O b LM n — ---------------D 7m
— 1.34 4 X 105 X 139-65 
=  1-877 X 107
( e4-3)
( Bs )
Shear capacity
To f in d  m v
bfe =  O dwe =  ! 2 t w \ / ~ H i  =  28 .89
P las t ic  moment of resistance
using dwe Mpfe — 2 4 5 X 28_892X 2 
4
=  1 -022  X
using the whole web
M p w — 2 4 5 X 2 4 0 2X 2 =  7 .056 X4
M y  = 1-023 X 10s4X7.056X106 =  0 .0 0 3 6
For aspect ra t io  = 1 .0
for M v =  0
T
F  =  0 .9
Tu
fo r  m¥ =  0 .00 5
T
■ T  =  1-0Tu
therefore fo r  My =
T
0 .0 0 3 6  =  
Tu
0 .9 7 2
Tu = 141.45  X 0 .9 7 2  = 137.49
shear capacity
VD =  2 X  2 4 0 X 1 3 7 .4 9  =  6 .6  X 104 
V0 =  2 X 2 4 0 X 1 4 1 -4 5 X 0 .9  =  6.111 X 104
buckling c r i t e r i a  fo r  combined bending and shear
=  —0 Y „
=  " /X ^ /e X d ,
=  df
=  13 9 -6 5  X 1 2 0 X 4 X 2 4 0  =  1 . 6 0 9 X 1 0 7
SUMMARY :
M0 =  1 .609 X I O 7 , M d  =  1.877 X 1 0 7
Vq =  6.111 X 104 , vD =  6 .6  X 104
Clause B5.A.1 ,  condition Cc) gives for  
the moment/shear in te ra c tio n  equation :
M
M, A-1
M
D \  n,D
I f  Moment/shear Ratio R = y  
an equation to ca lcu la te  using d i f fe re n t  R can be 
derived fo r  the box section :
R V
1-877 X
  . /  , 1 .609X 1 0 7 \  /  2 V , \
107 \  1-877 X 1 0 7 y  y  6.111 X 10« ^  1
0 r  ■ R V  , . 5
" ;87Tx~ ^  + °-4673X,° *  '-1428 A . 2
The upper Boundary of the safe load curve according to  
B 5 .4 .1 .  condition (a) v <  v d  and ( Cj  m  <  m d
— =  =  6- 6 X IQ4
xy Vy 2X240X141-45 =  0 -9  72 ;
V =  1-877X1Q7 
R
other values are generated using Eqn. A2.
( 2 ) .  MAXIMUM SAFE LOAD USING B.6 -  DESIGN AS BEAM 
WITH LONGITUDINAL STIFFENERS.
( 66 )
X = Ow355 —  240 I-H i2 y  355 =  l o
For outer panel considered as unrestrained and 
aspect r a t io  = 1 .0 ,
Ss =  0 -725
Sb =  1 .03
Using Clause B 6 .3 .2 .2 .3  -  Buckling c r i t e r i a ,
for no load shedding the C1-P) term being ignored & k c =  o
(  B 6 . 3.2.2.3 )
Kb +  3 Ks = 1.0
O R  ,
°y
V  = ----------------- -V /?2 3~ *S $  + d ¥s2
245
I R2____________________ 3
*  ( 1. 344X^05>2X ’- 032 + 240*X 22X 0-725 2
_____ 3.3915 X IQ7
y j  R2 +  4. 747X105
V =
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